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ABSTRACT
ANALYSIS AND SIMULATION 
OF STEPPING MOTOR SYSTEMS 
USING A PHASE PLANE APPROACH
BY
RAYMOND GERARD GAUTHIER 
University of New Hampshire, December, 1979
Stepping motors have become an increasingly popular 
electromechanical interface device, due to their increased 
reliability and lower costs over the D.C. Servo motor. The 
inherent open loop mode of stepping motor operation results, 
under certain circumstances, in a failure mode in which the 
output of the stepper no longer follows the input commands. 
In the past, it has been difficult for the designer to 
define the failure modes and it has not been obvious how 
to avoid them.
It is the intent of this dissertation to present a 
mathematical model for a class of stepping motors, the 
permanent magnet stepping motors. Analysis reveals that 
a second order nonlinear model adequately describes the 
major failure modes for stepping motors. The phase plane,
xv
a plot of motor velocity versus position, is used to 
graphically display the computer solutions of the 
mathematical model. This method offers the advantage 
of organizing the solutions in a very compact format 
and brings order to an otherwise complex problem. By 
using the phase plane approach, one cannot only predict 
when the motor will fail, but optimum step sequences 
can be readily obtained by graphical means.
The second order model is based on the assumption 
that the current rise time in the motor windings is 
insignificant compared to the on-time of the windings.
A more complex model which includes these effects is 
developed. This results in a third order nonlinear 
model, for which the phase plane is no longer adequate 
to display the solutions. It is then necessary to 
use a phase space or a three-dimensional plot. It is 
shown, however, that for step sequences, one can project 
the three space onto the phase plane to show the effects 
of the driver electronics. Most of the same organiza­
tional advantages apply to the projected three space 
as was found for the phase plane.
xvi
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Since the con c e p t i o n  of digital computation, the field of 
e l e c tronic s has grown a s t r o n o m i c a l l y  from v a cuum tubes to single chip 
computers. This sudden surge of ele c t r o n i c  hardware a d v a n c e m e n t  has 
left the mechanical i n terface devices te c h n i c a l l y  behind times. The 
lower costs o f  m a n u f a c t u r i n g  ele c t r o n i c  components have also c o n t ribute d 
to the emphasis of improving the interface devices, since the mechanical 
parts of any s ystem m u s t  now a ssume a larger portion o f  the total system 
cost. Th e s e  two factors have influenced the designer's c hoice o f  in t e r ­
face devices, in or d e r  to upgrade per f o r m a n c e  and lower costs.
When digital i n f o rmatio n is available, and it is required to 
p r o duce a mechanical d i s p l a c e m e n t  from that digital information, it is 
quite c o n v e n i e n t  to use step p i n g  motors. The on l y  informatio n needed 
by the stepping m o t o r  drive c i r c u i t  is the dir e c t i o n  and n u m b e r  of 
steps to be execu t e d  and the rate of stepping. Often this rate in­
f o rmation is obta i n e d  d i r e c t l y  from the c o m p u t e r  clock by divid i n g  
c o m p u t e r  clock pulses to p r o duce the desired step p i n g  signal. All 
that is needed then is to feed the app r o p r i a t e  n u m b e r  of these pulses 
to input o f  the shift r e g i s t e r  to cause the p roper stepp i n g  direction.
In this w a y  the stepp i n g  m o t o r  often forms a very con v e n i e n t  link from 
a digital c o m p u t e r  or o t h e r  digital logic systems to mechanical devices.
Th e r e  is a p r o b l e m  in the applicatio n of stepping motors. It 
is possible to devise step sequences that the m o t o r  and drive will
1
2fail to e x e cute correctly. By o b s e r v i n g  rotor motion, it is difficult 
to see w h y  the m o t o r  fails to execute these step sequences and often 
ft appears to r u n  b a ckwards or erratically. It m ay s u d d e n l y  go out of 
step wh e n  p r e v i o u s l y  the s y s t e m  was able to e x e cute that sequence. 
Further, for a stepping seque n c e  of a given n u mber of steps, the m o t o r  
will gain steps or lose steps w h i l e  for a n o ther sequence of d i fferent 
length and equal rate it appears to o p e rate satisfactorily. Thus, it 
is eas y  to see w h y  the c o m ment has been mad e  that there is a certain 
a m o u n t  o f  w i t c h c r a f t  in u n d e r s t a n d i n g  the operation of step p i n g  motors.
U nlike m o s t  control devices, the stepping m o t o r  will a ppear to 
o p e r a t e  s a t i s f a c t o r i l y  m o s t  of the time, failing only on occasion.
This ma k e s  the reasons for failure d i fficult to detect. M o s t  other 
types o f  e l e c t r omec hanical positionin g systems use position feedback 
sensors to insure a c c u r a t e  positioning. With this control strategy, 
m o s t  failures are e a s i e r  to diagnose because when failures do occur 
t hey are m o r e  repeatable.
However, the step p i n g  m o t o r  uses no external position feedback. 
W ork is being done to t r y  to d etect from the current signals applied 
to the s t a t o r  wind i n g s  w h e t h e r  or not the m o t o r  has e x e c u t e d  the 
d e s ired step c o m m a n d . ^  M o s t  of these m e t hods require that the mo t o r  
be o p e r a t e d  wit h  a v o l tage d river circuit. This type of d r i v e r  has 
s ome w h a t  less o p t i m u m  c h a r a c t e r i s t i c s  than a current driver, but 
this c o m promise in per f o r m a n c e  is n e c e s s a r y  in order to o btain the f e e d ­
back f e a ture w i t h o u t  the use o f  an encoder. In some m o t o r  applicatio n 
the m o t o r  is c onnected to an e n c o d e r  to indicate w h e n  a step is executed 
or whe n  s tator s w itching should occur. With an e n c o d e r  the n u mber of 
steps e x e c u t e d  is m e a s u r e d  and comp a r e d  to the n umber of steps commanded
3and the di f f e r e n c e  is stored in an e r r o r  register. The stepping 
sequence is cont i n u e d  until the desired n u m b e r  o f  steps is e x e c u t e d  as 
indicated by a zero count in the error register. In these situations 
one begins to w o n d e r  if the stepping m o t o r  is really o p e r a t i n g  in the 
m o s t  effe c t i v e  way. If digital feedback is required, one m i g h t  well 
ask w h y  the task could not be p e rformed by a conventional DC m o t o r  
with e n c o d e r  feedback w h i c h  usually has lower cost and h i g h e r  efficiency.
The purpose of this w o r k  is to dete r m i n e  how a stepping m o t o r  
behaves. M a t h e matic al de s c r i p t i o n s  for m o t o r  b e h a v i o r  will be deve l o p e d  
and verified experiment ally. It will be possible to show that the 
mathematical de s c r i p t i o n s  or equations do d e s c r i b e  m o t o r  b e h a v i o r  
precisely enough to show w h y  the m o t o r  fails to step for certain input 
commands. It will be shown w h y  these failures o c c u r  and the various 
failure situations will be identified a n a l y t i c a l l y  and experiment ally.
It will be seen that the m o t o r  fails to step b e c ause of a single cause.
Once it has been e s t a b l i s h e d  w h y  the m o t o r  fails to step, this in­
formation will be used to predict when it will fail to e x e c u t e  a step 
sequence. That is, the model will be used to e x t r a p o l a t e  and p r e dict 
w h a t  step sequences the m o t o r  will fail to execute, knowing these 
sequences will allow the d e s i g n e r  to avoid them.
The stepping m o t o r  is fu n c t i o n a l l y  a device wh i c h  d i r e c t l y
converts electrical digital information into mechanical rotation.
There are two basic types of stepping motors, the variable r e l u ctance 
(VR) stepping m o t o r  and the permanent m a g n e t  (PM) stepping motor. The 
electro-mechanical principles by which these two types o f  motors 
operate are quite different. However, the essential part of their 
mechanical b e h a v i o r  is ve r y  similar. While these notes are based
4prim a r i l y  on the physics o f  the per m a n e n t  m a g n e t  stepping motor, the 
m e t h o d s  pres e n t e d  herein can be used to c h a r a c t e r i z e  the variable 
r e l u c t a n c e  m o t o r .
T he p e r m a n e n t  m a g n e t  m o t o r  consists of a p e rmanent m a g n e t  
r o t o r  w i t h  two or m o r e  phases. Passing c u r rent through one o r  m o r e  of 
the s t a t o r  phases will cause the rotor to take on a series o f  discrete 
positions. The s t a t o r  phase currents est a b l i s h  a zero torque e q u i l i b r i u m  
point for the a n g u l a r  rotation of the rotor. T h a t  is, there is a 
r o t o r  a n g u l a r  position c a l l e d  a stable e q u i l i b r i u m  point w h e r e  the 
electrom e c h a n i c a l  t orque balances the external torques. As the external 
t orque is i n creased or d e c r e a s e d  the rotor will d e f l e c t  from this 
position. A plot o f  this external torque versus de f l e c t i o n  angle is 
c a l l e d  the w i n d u p  or to r q u e - a n g l e  curve. As the ex c i t a t i o n  to the 
s t a t o r  phases is c h a n g e d  to step the m o t o r  (with a fixed external 
torque) this s table e q u i l i b r i u m  point can be mad e  to shift in equal 
increments. In this way, the position of the rotor shifts fr o m  one 
location to another. This process is known as stepping. This shift 
will be c l o c k w i s e  or c o u n t e r c l o c k w i s e ,  d e t e r m i n e d  by the s e q u e n c e  in 
w h i c h  phases are excited. The stator exc i t a t i o n  sequ e n c e  is det e r m i n e d  
by a digital c i r c u i t  w h i c h  u s u ally consists of a shift regi s t e r  that 
has as m a n y  stages as there are s t ator phases. An input stepping 
signal causes the r e g i s t e r  to shift to the right or left d e p e n d i n g  on 
the d e s i r e d  dire c t i o n  of rotation. Each r e g i s t e r  stage provides a 
signal to a s t a t o r  phase drive. These signals are amp l i f i e d  by drivers 
or power a m p lifiers w h i c h  c o n nect the a p p r o p r i a t e  s t a t o r  phase wind i n g s 
to the po w e r  supply. U s u a l l y  the c u r rent required by the stator 
w i n d i n g s  is c o n s i d e r a b l y  in excess of the c u r rent that can be switched
5by the logic elements in the shift register, thus po w e r  a m p lifiers are 
needed.
T he v a r i a b l e  r e l u c t a n c e  (VR) m o t o r  does not have the p e rmanent 
m a g n e t  rotor; however, w h e n  a given set of s t a t o r  phase w i n d i n g s  are 
excited, there is a p r e f e r r e d  location of the rotor, such that a m i n u m u m -  
reluctance path is prov i d e d  in the air gap, so the V R  m o t o r  behaves in 
a w a y  very s i m ilar to the PM motor. Tha t  is, there are a series of 
rotor locations w h e r e  th e r e  will be no electro - m e c h a n i c a l  driving 
t orque on the rotor. In the a b s ence of external torques, the rotor 
will a ssume an e q u i l i b r i u m  position at one o f  these points. An external 
torque a p p lied to the rotor will cause a d e f l e c t i o n  from this e q u i l i b r i u m  
position. Thus the v a r i a b l e  rel u c t a n c e  m o t o r  and the perm a n e n t  m a g n e t  
m o t o r  behave in a s i m i l a r  way. A l t h o u g h  the d y n a m i c  relati o n s h i p s 
between rotor angle and phase currents are s o m e w h a t  different, the basic 
analytical approach d e v e l o p e d  here for the PM m o t o r  can also be applied 
to the VR motor.
Mathematic al m odels will be used to descr i b e  the e l e c t r o ­
mechanical behav i o r  of the step p i n g  motor. These m o dels will be 
verified e x p e r i m e n t a l l y  and then used to o r g a n i z e  experimental results 
in a w a y  wh i c h  will a l l o w  the d e s i g n e r  to p r e dict m o t o r  behavior.
T h a t  is, the d e s i g n e r  can predict w h e t h e r  a step p i n g  m o t o r  will be 
useful in a given a p p l i c a t i o n  w i t h o u t  a c t u a l l y  building the s y s t e m  and 
trying it. The o b j e c t i v e  of this is to p r o duce design informatio n 
w hich will allow one to ap p l y  stepping m o t o r s  to m e e t  s y s t e m  design 
objectives. In or d e r  to do this the m o t o r s  will be d e s c r i b e d  in ways 
t hat are dif f e r e n t  fro m  th o s e  n ow used by m o s t  m o t o r  manuf a c t u r e r s .
As will be shown these de s c r i p t i o n s  can be e a s i l y  d e t e r m i n e d
e x p e r i m e n t a l l y  for any motor. Further, the c o m p u t e r  can be used to 
o r g a n i z e  this informatio n in a w a y  w h i c h  will a l l o w  the d e s i g n e r  to 
a g i v e n  m o t o r  in a given a p p l i c a t i o n  and p r e dict w h e t h e r  that m o t o r  
will d e l i v e r  the d e s i r e d  s y s t e m  performance. In this w a y  a d esign 
a p p r o a c h  for the a p p l i c a t i o n  of stepping m otors will be presented.
CHAPTER II
S T E P P I N G  M O T O R S  A N D  DRIVES 
2-A PM Stepp i n g  Motors
A  permanent m a g n e t  stepping m o t o r  can have several basic 
configurat ions. The rotor can be formed in a c y l i n d e r  w i t h  p e rmanent 
m a g n e t  north and south poles on its surface. Th e s e  can be salient 
poles or the poles m a y  s i m p l y  be e s t a b l i s h e d  on a c y l i n d e r  of m a g n e t i c  
material by locally m a g n e t i z i n g  the ro t o r  material. The stator 
s t r u c t u r e  is a series of e l e c t r o m a g n e t s  w h i c h  are c a l l e d  phases. The 
nu m b e r  of phases indicates the n u m b e r  of stator w i n d i n g s  w h i c h  can be 
energized. An n phase s t a t o r  has n w i n d i n g s  that can be energized.
The phase w i n d i n g s  can be ind e p e n d e n t  or they can have a c ommon  
connection. The independen t phases a l l o w  the v o l t a g e  across, or 
c u r r e n t  through, the w i n d i n g s  to be r e v e r s e d  by reve r s i n g  the w a y  they 
a re c o n n e c t e d  to the supply. W i t h  a c o m m o n  connection , c u r rent can only 
be reversed by exciting the phases w i t h  a s upply of reversed polarity. 
The c u r r e n t  reversing m e t h o d  o f  d r i ving the w i n d i n g s  is c a lled a 
b i p o l a r  dr i v e  w h i l e  the ot h e r  is a u n i p o l a r  drive. Figure II-1 shows 
several types of PM stepping m o t o r  configurat ions.
(?)
A  second type of PM stepping m o t o r  is shown in Figure I 1 - 2 . v ' 
This type is u s u ally used for small step p i n g  angles. T he rotor is an 
axial p e rmanent magnet, w i t h  a c ap of m  teeth on each end. The teeth 
on the two caps are s t a g g e r e d  by a 1/2 tooth space. One cap forms a 


















south poles on the o t h e r  end. The s t a t o r  has m  poles. As w i t h  the 
first type, it m a y  have n d i f f e r e n t  s t a t o r  w i n d i n g s  or phases.
For both conf i g u r a t i o n s ,  PM steppers will have a to r q u e - a n g l e  
curve w h i c h  has as m a n y  cycles per re v o l u t i o n  as the n u m b e r  of north 
poles on the rotor. If the same number o f  s t a t o r  phases is e x c ited  
eac h  time, the rotor will m a k e  as m a n y  steps as s tator phases per 
cycle of the t o r q u e - a n g l e  curve. By a l t e r n a t e l y  exciting one or two 
phases it is possi b l e  to half step to ca u s e  the rotor to m a k e  t w i c e  as 
m a n y  steps per cycle of the t o r q u e - a n g l e  curve as the n u mber of 
phases. Ot h e r  c o m b i n a t i o n s  o f  phases can be execu t e d  to get even s m a ller 
steps as will be d i s c u s s e d  later.
2-B V a r i a b l e  R e l u c t a n c e  Motors
T he V a r i a b l e  R e l u c t a n c e  (VR) m o t o r  has no per m a n e n t  m a g n e t i c  
material in the rotor. The ro t o r  m a y  be l a minated or solid. A  s i ngle 
s t a c k  rotor has a d i f f e r e n t  n umber of teeth than the stator. As wit h  
the PM motor, the s t a t o r  m a y  have n phases. In principle, it oper a t e s  
like a solenoid. When a s t a t o r  phase is e x c ited the rotor moves to 
m i n i m i z e  the re l u c t a n c e  or r educe the a ir gap o f  the ene r g i z e d  winding.
Several rotors m a y  be stacked end on end. For I r o t o r  stacks 
each rotor is s t aggered by rotor tooth pitch. In this s t a cked 
c o n f i g u r a t i o n  the n u m b e r  o f  rotor and s tator teeth are equal. U s u a l l y  
each stack is c o n t r o l l e d  by a single s tator w i n d i n g  or phase. Thus a 
three stack m o t o r  u s u a l l y  has three phases. The m u l t i p l e  st a c k  design 
d e creases the mutual coup l i n g  between s t a t o r  windings.
Figure II-3 shows the c o n f i g u r a t i o n  f or a single stack VR 
motor; notice the d i f f e r e n t  n u m b e r  o f  teeth on the s t a t o r  and rotor.
Figure II-3 
Single Stack VR Motor
For the VR motor, the n u m b e r  of rotor teeth equals the n u m b e r  of 
cycles o f  the t o r q u e - a n g l e  curve per revolution. As before, the 
nu m b e r  o f  s tator phases equals the n u m b e r  of s t e p s  per cycle of the 
t o r q u e - a n g l e  curve when the same n umber of phases is e x c i t e d  for each 
step. Rev e r s i n g  the phase c u r rent has no e ffect on m o t o r  position so 
that unip o l a r  drives are used e x c l u s i v e l y  for VR motors.
2-C D r i v e r  Configurat ions
The s t a t o r  phases can be excited by a v o l tage d r i v e r  or a 
c u r rent driver. The v o l tage drive connects a v o l tage s o urce across 
the w i n d i n g  to be energized. Since the m o t i o n  o f  the rotor causes a 
BEMF voltage to be induced in the stator phases the resu l t i n g  phase 
c u r rent is speed dependent. Further, the phase i n d u ctance limits the 
speed wi t h  wh i c h  the c u r r e n t  can be switched on and off. For these 
reasons the phase currents in a voltage drive diminish as the m o t o r  is 
o p e r a t e d  at h igher speeds. A current drive uses a po w e r  a m p l i f i e r  
with c u r rent feed b a c k  o r  a high voltage drive with a large series 
r e s i s t o r  to keep s tator phase current c o n s t a n t  and a l l o w  it to be
t urned o f f  and on suddenly. However, at very high speeds the c u r r e n t
drive ceases to o p e rate e f f e c t i v e l y  and beiiaves as a v o l tage drive,
b e c ause of the BEMF v o l tage g e nerated in the windings.
(3)T h e r e  are two general types of drivers. ' The first of 
these is a u n i p o l a r  dr i v e  in wh i c h  each phase is e i t h e r  e x c ited with 
a voltage or open circuited. In this type of drive each phase is 
c onnected to a s upply v o l tage E through a transistor, see F i g u r e  II- 
4a. When the t r a n s i s t o r  base current is high, the t r a n s i s t o r  acts as










This c auses c u r r e n t  to flo w  t h r ough the winding. W h e n  the tr a n s i s t o r  
base c u r r e n t  is low, then the t r a n s i s t o r  acts as a very high r e s istance 
to ground. Th i s  is e q u i v a l e n t  to open c i r c u i t i n g  the w i n d i n g  w h e n  it 
is not being e n ergized a nd supp l y i n g  it wit h  a c o n s t a n t  v o l tage w h e n  
it is being energized. A n o t h e r  w a y  of d r i ving the w i n d i n g  is w i t h  a 
bipolar d r i v e  as shown in Figure II-4b. This drive operates by s w i t c h ­
ing one end o f  a stator phase w i n d i n g  is c o n n e c t e d  to the g r ound and 
the ot h e r  end is either conn e c t e d  to a positive or a nega t i v e  supply 
through a transistor. Whe n  both tr a n s i s t o r s  are open the w i n d i n g  is 
e s s e n t i a l l y  unenergized. When one or the ot h e r  of the t r a n s i s t o r  
base currents is high then that p a r t i c u l a r  w i n ding is c o n n e c t e d  to 
the a p p r o p r i a t e  supply. In this w a y  it is possible to r e v erse the 
c u r rent f l o w  through the w i n d i n g  by c o n n e c t i n g  it e i t h e r  to the 
P ositive or Negative v o l t a g e  source. This m e t h o d  of d r i ving is used 
for PM m o t o r s  when all phases are ene r g i z e d  and allows easy reversal
o f  the c u r rent in each o f  the phases.
The bipolar drive wi t h  all phases ener g i z e d  produces the 
m a x i m u m  m o t o r  torque fro m  a given s u p p l y  voltage, although, m o t o r  
thermal limitations u s u a l l y  will d e t e r m i n e  m a x i m u m  c u r r e n t  and hence 
m a x i m u m  torque. However, the b i p olar a r r a n g e m e n t  requires a p o s i t i v e  
and n e g a t i v e  supply and usually e m p loys m o r e  transistor s than the 
unipo l a r  approach.
In the process of stepping, the exc i t a t i o n  to the stator 
w i n d i n g s  is changed to cause the t o r q u e - a n g l e  curve to shift to a new 
location. This in turn causes the rotor to m o v e  to a n e w  location.
This is b a sically the stepping process. If the s t ator w i n d i n g s  are
d riven w i t h  a v o l tage source, then because of the inductance of the
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winding, it takes time for the c u r r e n t  to build up in one w i n d i n g  and 
de c a y  in the ot h e r  w i n d i n g  to e s t a b l i s h  the new to r q u e - a n g l e  curve.
This process increases the time it takes to jum p  the torque angle 
cu r v e  to the new position. It w o u l d  ther e f o r e  seem r e a s onable this 
wo u l d  sl o w  down the stepping process. Indeed m o s t  high performanc e 
drives a r e  desi g n e d  to est a b l i s h  the stator phase currents as quickly 
as possible. Thus m o s t  s t a t o r  drives are w h a t  m a y  be c alled current 
drives. Tha t  is, they a re desi g n e d  to m i n i m i z e  the t r a n s i e n t  in 
es t a b l i s h i n g  the new c u r r e n t  pattern in the s tator windings. This 
can be a c c o m p l i s h e d  in two basic waysways:
1) C u r r e n t  a m p l i f i e r . A  ref e r e n c e  signal is used to control 
an a m p l i f i e r  that e x c i t e s  one of the stator phases. The current  
through the phase is sensed and fed back to fo r c e  the current in that 
phase to be proportional to the r e ference signal. This causes the 
d r i v e  v o l tage to be ve r y  large at the start of the step to m i n i m i z e  
i nductive e f f e c t s . ^  T o  be m o s t  effective, the d r i v e r  should be 
c a p a b l e  of applying positive and nega t i v e  voltages to the stator 
phases. It al s o  min i m i z e s  BEMF effects at high m o t o r  speeds. Further, 
phase w i n d i n g s  are e ither e n e r g i z e d  by the logic v o l tage or open 
c i r c u i t e d  by the a b s e n c e  o f  it.
2) V o l t a g e  a m p l i f i e r  wit h  series r e s i s t o r . It is d e sirable 
to e xcite the s tator w i t h  a large voltage wh e n  the w i n d i n g  is first 
e n ergized to m i n i m i z e  the c u r rent build-up time. A f t e r  c u r rent has 
been e s t a b l i s h e d  in the w i n ding this starting v o l tage is too high and 
will cause exce s s i v e  heating. Thus a c u r r e n t  limiting resistor is 
con n e c t e d  to the d r i v e r  in series with the s t a t o r  winding. In effect, 
this increases the stator c i r c u i t  re s i s t a n c e  and t h e r e b y  reduces the
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c u r r e n t  buil d - u p  time. This is the simp l e s t  f o r m  o f  c u r r e n t  drive.
Each of these m e t h o d s  can be m e c h a n i z e d  by power t r a n sistor s 
w h i c h  e i t h e r  c o n n e c t  a w i n d i n g  to the power s u pply or open c i r c u i t  it 
d ep e n d i n g  on the step sequence. In each o f  these cases, the s tator  
w i n d i n g s  are e x c i t e d  w i t h  a d r i v e r  w h i c h  m i n i m i z e s  the tra n s i e n t  that 
occurs in the e s t a b l i s h m e n t  o f  the t o r q u e - a n g l e  pattern at a new 
e q u i l i b r i u m  location. To o btain very high step p i n g  rates, it is 
g e n e r a l l y  a greed tha t  the c u r rent dr i v e  a p p r o a c h  is a far supe r i o r  
a ppr o a c h  to es t a b l i s h i n g  the t o r q u e - a n g l e  p a t t e r n  in motor, than the 
v o l t a g e  drive. In de s c r i b i n g  the behavior of the m o t o r  w i t h  a 
c u r r e n t  drive, it will be a s s umed that the c u r rent build-up due to the 
overall time const a n t  o f  the s tator w i n d i n g s  will be ve r y  small.
Figure II-5 shows a p ermanent m a g n e t  stepp i n g  m o t o r  s t ructure
(5)w i t h  a fou r  phase s t a t o r  str u c t u r e  and a t w o - p o l e  r o t o r . v ' The 
rotor will al i g n  wit h  the dir e c t i o n  o f  m a x i m u m  flux d e n s i t y  est a b l i s h e d 
by the s t a t o r  phases. O n e  phase at a time, two phases at a time, or 
all four phases at a time m a y  be e x c i t e d  to p r o duce the stepping 
sequence. For example, referring to Figure II-5, w h e n  phase 1 is 
ene r g i z e d  by c u r r e n t  i -j, it becomes and electromag net. If the dire c t i o n  
of c u r r e n t  f l o w  is as shown, then the upper end o f  the s tator phase 
becomes the north pole and the lower end becomes the south pole and 
the ro t o r  is shown in its e q u i l i b r i u m  position. If the r o t o r  is 
d e f l e c t e d  cloc k w i s e  fr o m  this position there will be a c o u n t e r c l o c k w i s e  
t o r q u e  tending to bring it back to the e q u i l i b r i u m  position. If it 
is rotated c o u n t e r c l o c k w i s e  there will be a c l o c k w i s e  r estoring 
torque, d u e  to the interactio n o f  s t a t o r  and rotor fields, tending to 

















Basic PM Stepping Motor
is at an unstable e q u i l i b r i u m  position and a slight CCW rotation will 
c a u s e  the rotor to turn CCW back to the original position. Als o  this 
u nstable e q u i l i b r i u m  point, a CW torque will cause the m o t o r  to 
cont i n u e  to rotate CW until it has c o m p l e t e d  one revolution to return 
to the original posi t i o n  shown in Figure II-5.
If phase 2 is e x c i t e d  wi t h  a c u r rent in the d i rection shown 
and phase 1 is unex c i t e d  then the m o t o r  will step 90° to line up with 
s t a t o r  w i n d i n g  n u m b e r  2. In this w a y  the s t e p p e r  has been caused to 
step 90° in the c l o c k w i s e  direction.
If the e x c i t a t i o n  were shifted fro m  phase 1 to phase 4, then 
the rotor w o u l d  m o v e  in a c o u n t e r c l o c k w i s e  dir e c t i o n  to line up with 
the pole of phase 4. N o t i c e  again if the rotor is defl e c t e d  by an 
external torque in a c l o c k w i s e  d i rection there is a c o u n t e r c l o c k w i s e  
electrom e c h a n i c a l  t orque t e n ding to bring it back in a l i g n m e n t  with 
the pole of phase 4. If it is defl e c t e d  in the c o u n t e r c l o c k w i s e  
d i r e c t i o n  there is a c l o c k w i s e  e l e c t r omec hanical torque tending to 
bring it back in a l i g n m e n t  with the phase 4 pole. Thus the torque- 
angle curve for the rotor or "windup" curve when pole 4 is e x c ited is 
the same as it was whe n  the pole 1 was e x c ited but it has been shifted 
90° CCW.
This is the m o d e  of stepping the motor. It can be shown that 
s u c c e s s i v e l y  exci t i n g  the w i n d i n g s  during the stepping process has 
the e ffect on the rotor of shift i n g  the to r q u e - a n g l e  curve an amount 
equal to the step size, in this case 90°. Notice too that it wo u l d  
be possible to obtain a larger t orque from the m o t o r  by exci t i n g  phase 
1 wit h  a c u r rent in the dire c t i o n  shown and phase 3 in the direction 
o p p o s i t e  to that shown to rein f o r c e  the field produ c e d  by w i n ding
one. In this w a y  one m i g h t  e x p e c t  to double the t orque a vailable 
fr o m  the motor. In this motor, if two phases at a time are excited, 
d o u b l e  the torque is o b t a i n e d  from the rotor. C a r r y i n g  this a bit 
f u r t h e r  one m i g h t  e x c i t e  phases one and two with c u r r e n t  in the 
d i r e c t i o n  shown and phases three and four with c u r rent in the oppo s i t e  
d i r e c t i o n  to produce an e q u i l i b r i u m  position of the rotor wh i c h  was 
h a l f - w a y  between the poles of phases one and two. In this case an 
even l a r g e r  torque results fr o m  the motor, a p p r o x i m a t e l y  the square 
root of two times the t o rque o b t a i n e d  by exciting two o p p o s i t e  phases 
at a time. The m o t o r  can then a ssume a series of e q u i l i b r i u m  positions 
w h i c h  a re located in this drawing at 45°, 135°, 225°, and 315 . As 
long as all four phases are e x c ited at the same time, the m a x i m u m  
t o rque will result from this e l e c t r o m a g n e t i c  configurat ion. On the 
o t h e r  hand, it should be pointed out that the losses w h i c h  result 
from this for m  of e x c i t a t i o n  are twice as large as those w h i c h  result 
f r o m  e x c i t i n g  two phases at a time, w h i c h  in turn are twice as large 
as those w h i c h  result fr o m  one phase at a time. The m a j o r  source of 
loss in a p e r m a n e n t  m a g n e t  motor, in the steady state, w o u l d  be the 
i2 R losses in the s t a t o r  phases. With any given m o t o r  s t ructure  
there is a t r a d e - o f f  between the amount of c u r rent and the n u m b e r  of 
phases w h i c h  can be e x c i t e d  at one time and the heat di s s i p a t i o n  
properties of the m o t o r  itself. It is possible to a l t e r n a t e l y  drive 
one phase at a time and then two phases at a time to d ouble the n u m b e r
of  d etent positions per revolution of the motor. This can be seen by
c o m p a r i n g  w h a t  happens whe n  two phases at a time are e x c i t e d  and when 
one phase at a time is excited. For this m o t o r  the step angle will be
45° instead of 90°, but notice too, for a c o n s t a n t  a p p lied voltage,
t hat the m a g n i t u d e  of the t o r q u e - a n g l e  curve will shift in size and 
will be largest for two w i n d i n g s  e x c ited and s m a l l e r  for one w i n ding 
excited. This will cause the d y n amic behav i o r  o f  the m o t o r  to d i f f e r 
from step to step. This m o d e  of d r i ving the stepping m o t o r  is known 
as half-stepping. H a l f - s t e p  b e h a v i o r  can be anal y z e d  and d isplayed 
by using the phase plane. It is a way o f  doubl i n g  the n u m b e r  of steps 
per re v o l u t i o n  wi t h  any given e l e c t r o m a g n e t i c  structure, thu r  increasing 
the s y stem resolution.
By varying the e x c i t a t i o n  c u r rent to the wind i n g s  in small 
steps, the m o t o r  can be m a d e  to step at much more than the n u m b e r  of
phases per cycle of the t o r q u e - a n g l e  curve. This is called mini-
s t e p p i n g . ^  It is used to p r o vide a very small step size from a 
s tandard m o t o r  and results in s m o o t h e r  response. The drive s y s t e m  is 
muc h  mo r e  c o m plex and requires a com b i n a t i o n  of digital and analog 
circuitry. In or d e r  to acc o m p l i s h  these small steps, the phase currents 
m u s t  be v aried in a precise w a y . ^  The approach causes the angle of 
the m a x i m u m  flux d e n s i t y  vector, est a b l i s h e d  by the s t a t o r  phase 
e xcitation, to shift in muc h  s m a l l e r  steps.
2-D Step p i n g  Process
T he perm a n e n t  m a g n e t  step p i n g  m o t o r  s tator phase currents 
esta b l i s h  a flux d e n s i t y  di s t r i b u t i o n  in the air gap. For a given
excitation of the s t a t o r  phases. Th e r e  is a direction of m a x i m u m  flux
d e n sity in the air gap, d e t e r m i n e d  by n u m b e r  of phases excited. This 
d i rection will be d e s i g n a t e d  by the flux d e n sity v e c t o r  and it's 
m a g n i t u d e  c o r r espond s to the m a x i m u m  flux d e n sity in the air gap.
One of the sets of the per m a n e n t  m a g n e t  poles of the rotor lines up
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wit h  this flux d e n s i t y  y e c t o r  when there are no external l o a d s , as 
was shown in F i g u r e  1 1-5 for a 2-pole rotor. As an external load is 
ap p lied to the motor, the rotor deflects through an angle w h i c h  depends 
upon the external load. The t o r q u e - a n g l e  curve is a plot o f  the external 
torque required to d e f l e c t  the rotor as a function o f  the angle of d e ­
flection for a given set of m o t o r  phase currents, see Figure I 1-6. The 
n u m b e r  of cycles (A) that the torque angle curve of a m o t o r  ma k e s  per 
revolution is fixed for any given m o t o r  structure. A is also the n umber  
of rotor teeth, N^, and from geometry, there are Np possible locations 
in one revolution of ro t o r  that are stable.
In the step p i n g  process, this to r q u e - a n g l e  curve or w i n d - u p  
c urve of the m o t o r  is shifted when the phase e x c itation is changed. For 
a full step of the motor, this curve is shifted through an angle which 
depends upon the n u m b e r  of cycles of the t o r q u e - a n g l e  curve in one 
revolution and the n u m b e r  of phases. The full step shift is equal to 
the period (in m e c hanical degrees) of the to r q u e - a n g l e  curve d i v ided  
by the n u m b e r  o f  phases. By certain s t a t o r  e x c i tation combinatio ns, 
it is possible to step the m o t o r  at o n e - h a l f  or o n e - q u a r t e r  or even 
o n e -eighth of this angle. Thus the stepping angle o f  the m o t o r  can be 
d e f i n e d  in terms of fractions of the p eriod of the t orque angle curve. 
Figure 1 1-7 shows the torque angle curve and the c o r r e s p o n d i n g  flux 
d e n s i t y  v e c t o r  shifted during four full steps of a four phase stepping 
motor. W h e n e v e r  the m o t o r  is stepped one cycle of the to r q u e - a n g l e 
curve, the flux d e n sity v ector m a k e s  one revolution in the air gap.
For each step the flux density v ector is located at an angle which is 
(A) times the full step mechanical angle o f  the rotor and its ampl i t u d e  













flux d e n sity vector can be used to indicate the shift angle of the 
t o r q u e - a n g l e  curve and at the same time show the a m p l i t u d e  of the 
t o r q u e - a n g l e  curve.
The r e l a tionsh ips between s t a t o r  c u r r e n t  and the to r q u e - a n g l e  
curve can be m o r e  e x p l i c i t l y  defined. F i g u r e  II-8 shows the s tator  
e q u i v a l e n t  c i r c u i t  for a step p i n g  motor. The s tator circuit contains 
a resistance * an i n d u ctance and a back emf (BEMF) v o l tage source 
w h i c h  represents the v o l tage induced in the s tator w i n d i n g  due to the 
speed o f  the motor. Th e r e  m ay also be a mutual inductance voltage 
i nduced in the s tator due to the rate of c hange of c u r rent in one o f  
the o t h e r  s t a t o r  windings. Mutual inductance affects tend to be 
t r a n s i t o r y  and do not m a t e r i a l l y  influence the b e h a v i o r  of the m o t o r  
e x c e p t  un d e r  very p a r t i c u l a r  circumstances. Equation II-1 is the r e ­
l a t i o n s h i p  for the c u r rent through, and the v o l t a g e  across any given 
s t a t o r  phase, n.
V = Ri + L i 1 - K.esin (Ae - ) (li­n n  dt b v P
The c u r rent w h i c h  flows in any given s t a t o r  phase results in a 
t o r q u e - a n g l e  curve due to that c u r rent which is des i g n a t e d  as T . The 
t o r q u e - a n g l e  curve is n early sinusoidal for a p e rmanent m a g n e t  s t e pper  
and its location and m a g n i t u d e  depends upon the par t i c u l a r  phase 
e x c i t e d  and the c u r rent through that phase, see Equation I 1-2. It is 
a s s u m e d  here that angle is increasing in a clo c k w i s e  direction and 
that the phases are numb e r e d  in a c l ockwise d i rection starting with 




FIGURE I I - 8  
STATOR EQUIVALENT CIRCUIT
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Tn(e )  = KTl ns in  CAe -  ( !y -)2 .r )  ( I I - 2 )
At ver y  slow speeds the v o l tage applied to any given stator 
phase is ve r y  n early proportional to the c u r r e n t  in that phase, if the
cu r rent rise time in the wind i n g s  is neglected. At high speeds the
c u r r e n t  in the phase is d e g r a d e d  by the BEMF, but this will be acco u n t e d  
for by a d a m p i n g  torque as a function of speed. From this, it is possible 
to w r i t e  an e x p r e s s i o n  for the torque prod u c e d  by any given stator 
phase in terms o f  the a p p l i e d  voltage assuming that the phase is 
m a g n e t i c a l l y  unsaturated. This is shown in Equation I1 - 3 .
Tn(e) = | n  ^  s i n  (A0 _ (n z i ) 2ir) ( 11- 3 )
T he total t orque deve l o p e d  by the m o t o r  is the v ector s um of 
all of the torques produced by each of the s t a t o r  phases. This can 
be w r i t t e n  as shown in Equation II-4 and results in a t o r q u e - a n g l e  
curve w h i c h  is sinusoidal. This total torque has a peak value o f  T^ 
and has a zero t orque or e q u i l i b r i u m  point located at some angle ip.
T-r(e) = I KT sin (A0 - ( ^ ) 2 i r )
T n =l R ' p
T T (e) = Tm sin (Ae - *) ( 1 1-4)
This can be i l l u strate d by several examples. For example, for a four 
phase m o t o r  it is possible to o p e r a t e  the m o t o r  with a c u r r e n t  in 
only one of the s t a t o r  phases at a time. This results in a torque 
angle curve shown in F i g u r e  II-9a which is m a r k e d  No. 1. To full 
step the fou r  phase m o t o r  one wo u l d  switch the current o ff in phase 
one and s witch the c u r r e n t  on in phase two. This wo u l d  result in a
to r q u e - a n g l e  curve, m a r k e d  No. 3 on figure II-9A, that is shifted by
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FIGURE H-9A
FOUR PHASE,HALF STEP 
TORQUE-ANGLE CURVE
FIGURE II-9B
FIVE PHASE,HALF STEP 
TORQUE-ANGLE CURVE
L
degrees and is equal in amp l i t u d e  to curve No. 1. F o r  two phases
M
excited, phase one and two, the t o r q u e-ang le curve becomes larger in
45a mplitude, by the square root of 2, but has been shifted by
degrees, m a r k e d  No. 2 on figure II-9a. The period A is d e pendent on
m o t o r  s t r u c t u r e  and not on exc i t a t i o n  current. Thus when half stepping
a four phase m o t o r  the peak torque varies ev e r y  ot h e r  step by the
square root o f  2.
To full step the five phase motor, one phase on at a time, one
can switch the c u r rent from phase one to phase two, w h i c h  will result
72in a phase shift of j- d egrees in the to r q u e - a n g l e  curve from No. 1 
to No. 3 on figure II-9B. If one wer e  to ener g i z e  phase four with a 
n ega t i v e  c u r r e n t  the resulting torque angle curve, No. 2, wo u l d  
p r o duce a phase shift o f  or a half-step. Thus f or half-stepp ing 
a five phase motor, one can ener g i z e  one phase at a time using positive 
and nega t i v e  currents, since the geom e t r y  of five phase m o t o r  is such 
t hat ten p r i mary flux d e n sity v e c t o r  d i r e ctions are possible. Thus 
ha l f - s t e p p i n g  m a y  be a c c o m p l i s h e d  w i t h o u t  any v a riation in torque.
Table I I - 1 is a list o f  the phase sequence, peak torque and electrical 
step an g l e  Ae for h a l f - s t e p p i n g  the four phase and five phase motors. 
N o tice that t o r q u e - a n g l e  curve m a g n i t u d e  varies wh e n  half-stepp ing a 
four phase m o t o r  but can be made cons t a n t  when half-s t e p p i n g  a five 
phase motor.
The t orque angle curve for a stepping m o t o r  then has a 
m a g n i t u d e  and phase angle wh i c h  depends upon the n u m b e r  and direction 
of the phases excited. This is an important consid e r a t i o n  because it 
means that, not on l y  does the amount of c u r r e n t  and n umber of phases 
e n e r g i z e d  dete r m i n e  the peak T ^  of the torque angle curve, but the
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TABLE II-I 
FOUR AND FIVE HALF STEP SEQUENCES
FOUR PHASE
PHASE
STEP TORQUE ANGLE i 2 3 4
1 1.688 6.88 1 0 8 8
2 1.414 45.88 1 1 8 8
3 1.888 98.88 0 1 8 8
4 1.414 135.88 8 1 1 8
S 1.888 180.00 8 8 1 8
6 1.414 225.88 0 0 1 1
7 1.888 270.80 0 0 8 1
8 1.414 315.00 1 8 6 1
FIVE PHASE
PHASE
STEP TORQUE ANGLE 1 2 3 4 5
1 1.888 0.00 1 0 0 0 0
2 1.888 36.00 8 0 0 -1 0
3 1.008 72.00 0 1 0 0 0
4 1.000 108.00 0 0 0 0 -1
5 1.000 144.80 0 6 1 0 0
6 1.000 180.00 -1 6 0 0 0
7 1.000 216.80 0 0 0 1 6
8 1.000 252.80 0 -1 0 0 0
9 1.000 288.00 0 0 0 0 1
18 1.000 324.00 0 0 -1 6 0
di r e c t i o n  o f  the phase currents also influences the ampl i t u d e  o f  the 
t o r q u e  an g l e  curve and the location of zero torque or the e q u i l i b r i u m  
point of the rotor. It will be shown later that the a m plitude and 
shift in step angle of the torque angle curve plays an important part 
in the d y n a m i c  beha v i o r  o f  the motor. In general, it will be shown 
that the l arger the peak of the to r q u e - a n g l e  curve, the higher will be 
the m o t o r  natural f r e q u e n c y  and the lower will be its d a m ping ratio 
or, in o t h e r  words, the m o r e  o s c i l l a t o r y  its b e h a v i o r  will be. F u r t h e r ­
more, the h i g h e r  the peak o f  the to r q u e - a n g l e  curve, the less will be 
the e f f e c t  o f  a given a m ount o f  friction upon m o t o r  performance.
F or the four phase motor, full step p i n g  can be a c c o m p l i s h e d  by 
en e r g i z i n g  one or two phases at a time wi t h  a unip o l a r  drive. With a 
b i p o l a r  drive, that is wit h  the a v a i l a b i l i t y  of bi-directional current 
in the phase w i ndings, up to four phases at a time m a y  be used. R e ­
ferring to Figure 1 1-5, the torque prod u c e d  by e n e r g i z i n g  phase 3 with 
nega t i v e  c u r r e n t  is equal to the torque produced by e n e r gizing phase 1 
wit h  posi t i v e  current. H a l f  stepping the four phase m o t o r  is a c c o m p l i s h ­
ed by e n e r g i z i n g  one then two phases at a time p roducing a n o n - u n i f o r m  
peak t orque between steps, see Table II-1.
For the five phase motor, there are five step per cycle of 
the t o r q u e - a n g l e  curve. If the same n u m b e r  of phases are e x c ited with 
a uni dire c t i o n  c u r rent at every step; that is, one every time, two 
ev e r y  time, three e v e r y  time, or four every time, the m o t o r  can be 
said to be full stepping. If it is d e s ired to half - s t e p  the fiye 
phase m o tor, then it is possible to shift the torque angle curve an 
am o u n t  equal to one hal f  the full step angle by using positive and 
nega t i v e  currents in one of the phases every other step. Thus it is
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p o s s i b l e  to h a l f  step by e n e r g i z i n g  two, three, four, or five phases 
at a time, and in this w a y  produce a h a l f - s t e p p i n g  mo d e  of operation.
A s i m i l a r  approach can be used to produce q u a r t e r-st epping. This is 
shown for a five phase m o t o r  in F i g u r e  11-10 wh e r e  two phases at a 
time are e x c i t e d  and in this way, the m o t o r  is c aused to e x e c u t e  one 
q u a r t e r  o f  a step with each phase switching. N otice that the a mplitude 
of the flux d e n s i t y  v e c t o r  a s s o c i a t e d  wi t h  each t o r q u e - a n g l e  curve is 
not constant, hence n e i t h e r  is the peak o f  the t orque angle curve.
So, in the q u a r t e r - s t e p p i n g  process, there has been a change in the 
a m p l i t u d e  o f  the torque angle curve as well as one q u a r t e r  as much 
shift in the location of the torque angle curve, relative to full 
stepping, wit h  each step. The percent increase in peak torque decreases 
as one e n e r g i z e d  m o r e  phases on for any p a r t i c u l a r  sequence. This is 
ill u s t r a t e d  for a d i f f e r e n t  sequence shown in F i gure 11-11, for a 
f o u r - f i v e  phase sequence. In this way, it can be shown that the 
larger the n u m b e r  o f  phases excited, the s m a l l e r  will be the change in 
the peak o f  the t o r q u e - a n g l e  curve for q u a r t e r - s t e p p i n g  behavior. In 
general, this can be said for a stepping m o t o r  for any n u m b e r  of 
phases. T he m o r e  phases that are a v a i l a b l e  to be excited, the s m a l l e r  
w i 11 be the d i f f e r e n c e  in the peak of the t o r q u e - a n g l e  c u r v e  wh e n  
these phases are e x c ited to p r o duce a^  s u b m u l t i p l e  s t e p p i n g  behavior.
Note that for a four phase s t e pper it is poss i b l e  to q u a r t e r - s t e p  but 
if the phase currents are constant, then the step angles are not 
u n i f o r m  and the peak t o r q u e  is not constant.
In addition, it is poss i b l e  to show that if the voltage applied 
to any s t a t o r  phase or the r e s i stance of any s t a t o r  phase, or the 




STEP TORQUE ANGLE 1 2 3 4 5
1 1.902 18.00 1 9 0 -1 0
2 1.618 36.00 1 1 0 0 0
3 1 .902 54.00 0 1 0 -1 0
4 1 .618 72.00 0 0 0 -1 1
5 1.902 93.00 0 1 8 0 -1
6 1 .618 108.00 0 t 1 0 0
7 1.902 126.00 0 0 1 0 -I
6 1 .618 144.00 -1 0 0 0 -1
9 1.902 162.00 -1 0 1 0 0
13 1.616 160.00 0 0 1 1 0
11 1 .902 196.00 -1 0 0 1 0
12 1.618 216.00 -1 -1 0 0 0
13 1.902 234.00 0 -1 0 1 0
14 1.616 252.00 0 0 0 1 1
IS 1.902 270.00 0 -1 0 0 1
16 1 .618 268.00 0 -1 -1 0 0
17 1.902 306.00 0 0 -1 0 1
16 1.616 324.00 1 0 0 0 1
19 1.902 342.00 1 0 -I 0 0
23 1.618 363.00 0 0 -1 -1 0
FIGURE 11— 10
QUARTER STEP SEQUENCE -  TWO PHASES ON
FLUX DENSITY VECTORS
PHASE
STEP TORQUE ANGLE 1 2 3 4 5
I 3.076 16.00 1 1 — 1 -1 0
2 3.236 36.00 1 1 — I “  1 — 1
3 3.076 54.00 1 1 0 “  1 “  1
4 3.236 72.00 1 1 1 “ 1 1
6 3.076 80.00 0 1 1 — 1 " 1
6 3.236 106.00 — | 1 1 — 1 ■— 1
7 3.076 126.00 — 1 1 1 0 “  1
6 3.236 144.08 “ I 1 1 1 *• 1
8 3.078 162.00 — 1 0 1 I *“ 1
IS 3.236 180.00 — 1 — 1 1 1 — 1
11 3.078 186.00 —! “  1 I 1 0
12 3.2 36 216.00 — 1 — I 1 1 1
13 3.076 234.00 — 1 — 1 0 1 1
14 3.236 252.00 — 1 — 1 ~ 1 1 1
15 3.076 270.08 a — I — 1 1 1
16 3.236 266.00 i — 1 — 1 1 1
17 3.076 306.00 I — 1 —-1 0 1
16 3.236 324.00 i “  | ■— 1 “  1 1
18 3.076 342.08 i 0 “  1 — 1 1
2 8 3.236 360.00 t 1 “  1 “  1 1
FIGURE I I - ! I  
QUARTER STEP SEQUENCE -  4 /5  PHASES ON
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s t a t o r  phases, there will be a shift in the a m p l i t u d e  and a n g l e  o f  the
flux d e n s i t y  v e c t o r  fro m  th a t  d e s ired whe n  that pa r t i c u l a r  phase is
excited. Thi s  o c c u r s  because, referring back to Equation I 1-4, the
m a g n i t u d e  o f  the torque comp o n e n t  due to that p a r t i c u l a r  s tator phase 
V n KTn— g— -—  is d i f f e r e n t  for o ne phase rela t i v e  to the others. In actual 
Tn
p r a c t i c e  t h e r e  is a s l i g h t  shift in the location of the zero point or 
the e q u i l i b r i u m  point of the t orque angle c u r v e  as well as a c h a n g e  in 
a m p l i t u d e  w h e n  s u b m u l t i p l e  stepping. This has the e f f e c t  o f  causing 
u neven stepping. In m a n y  power a m p lifiers it is p o s s i b l e  to i n d i v idual ly 
a d j u s t  the c u r r e n t s  to eac h  of the phases. Whe n  this is done, this 
a f f e c t  c an be r e d uced or el i m i n a t e d  p r oviding that the voltage, r e ­
sistance, or t o r q u e  c o n s t a n t  does not c hange ov e r  a p e riod of time.
It can be f u r t h e r  shown fro m  Equation 4 that the location of 
the torque a n g l e  curve a nd its peak is d e t e r m i n e d  e n t i r e l y  by the 
phase currents. It is possible to get a c h a n g e  in the location o f  the 
t o r q u e  an g l e  curve, w h i c h  can be m a d e  as small as d e s ired by c o n t i n u o u s l y  
varying the c u r r e n t  in the stator phases. By so doing, one changes 
the t orque T n for each o f  the stator phases in a l m o s t  a c o n t inuous o r  
proportional m a n n e r  in the stepping process. By using Equation I 1-4, 
it is p o s s i b l e  to d e t e r m i n e  the nec e s s a r y  v o l t a g e  on each of the 
stator phases in o r d e r  to o btain a p a r t i c u l a r  t o r q u e  an g l e  curve 
location and magnitude. By p r o p e r l y  a d j u s t i n g  the currents in each o f  
the phases, it is possi b l e  to ma k e  the t orque an g l e  curve location 
step through ver y  small increments and the peak of the t o r q u e-ang le  
c u r v e  Tm  be constant. This is the process of micr o - s t e p p i n g .  In 
o rder to a c c o m p l i s h  this w i t h  amp l i f i e r s  of r e a s o n a b l e  size and cost, 
it is n e c e s s a r y  to p u l s e - w i d t h  m o d u l a t e  the v o l t a g e  on each of the
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s t a t o r  phases and use a c u r r e n t  f e e d b a c k  loop to insure that the 
c u r r e n t  in eac h  o f  these phases has the d e s ired magnitude. This 
operates the po w e r  tr a n s i s t o r s  in their low loss regions w h i c h  allows 
m u c h  smaller, lower cos t  tra n s i s t o r s  to be used to control a given 
motor.
As the m o t o r  s t r u c t u r e  c h a nges from three to four to five 
phases, it is possible to o b t a i n  s m a ller and s m a ller changes in the 
location of the torque a n g l e  c u r v e  for the m o t o r  wit h  a fixed c u r r e n t 
a p p lied to each o f  the s tator phases. This is illustrate d in Equation 
1 1 -4 but it can be shown in a m o r e  g r a phic way. If there a re a given 
n umber of phases (p) a v a i l a b l e  and each of these phases can have 
a p p lied to it a c u r r e n t  in one direction, a c u r r e n t  in the other 
d i rection or zero c u r r e n t  (3 states), it is poss i b l e  to show that
3
there are p co m b i n a t i o n s  of s tator excitation.
If all of these possib i l i t i e s  are expl o r e d  by a c o m p u t e r 
s imulation, then for e a c h  c ombinatio n, the total peak torque Tm  and 
the location ip of the zero point o f  the to r q u e - a n g l e  curve can be d e ­
termined. T he results o f  such a sim u l a t i o n  can be re p r e s e n t e d  g r a p h i c a l l y  
by a polar plot w h e r e  the d i r e c t i o n  of the flux d e n s i t y  vector and its 
m a g n i t u d e  are d i splayed a l l o w i n g  360° for one cy c l e  of the torque 
angle curve. Wit h  this a r r a n g e m e n t  it is possible then to dem o n s t r a t e  
all o f  the e q u i l i b r i u m  pos i t i o n s  and indicate the peak m a g n i t u d e  of 
the torque a n g l e  curve for a ny given s t a t o r  e x c i tation combination.
Figures II-12A-12C s h o w  several o f  these, f or a three phase, a four 
phase and a five phase step p i n g  motor. In figures I I-12A and II-12B 
a re shown the flux d e n s i t y  v e c t o r  d i r e ctions and amplitudes for full- 
stepping, h a l f-stepp ing and q u a r t e r - s t e p p i n g  the three and four phase
/N
FIGURE XI-I2A
THREE PHASE MOTOR 
FLUX DENSITY VECTORS
FIGURE II-I2 B




FIVE PHASE MOTOR 
FLUX DENSITY VECTORS
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motors, respectfully. It is c l e a r  fro m  f i g u r e  II-12C that it is 
p o s s i b l e  to e s t a b l i s h  a l a r g e r  n u m b e r  of d i s c r e e t  positions, in one 
cy c l e  o f  the t o r q u e  a n g l e  c u r v e  as the n u m b e r  o f  phases o f  the m o t o r  is 
increased to five. In fact e i g h t h - s t e p p i n g  w i t h  small va r i a t i o n s  in 
step size and peak t orque is possible. It is f u r t h e r  p o s s i b l e  to show 
that m o r e  d i r e c t i o n s  a r e  a v a i l a b l e  f or the flu x  d e n s i t y  v e c t o r  or 
sm a ller steps can be m a d e  w i t h  a s i n g l e  phase e x c i t e d  if an odd number 
of s t a t o r  phases a re e m p l o y e d  in the m o t o r  design. This is true 
because a three phase or a five phase s tator w i n d i n g  has the p o s s i b i l i t y  
of e s t a b l i s h i n g  twice as m a n y  d i r e c t i o n s  as there are phases, since it 
is p o s s i b l e  to r e v erse the c u r r e n t  in each of the phase wind i n g s  to 
p r o d u c e  a n e w  flux d e n s i t y  direction. Wher e a s ,  for a fo u r  phase 
stepper, there a re r e a l l y  o n l y  fou r  p o s s i b l e  d i r e c t i o n s  for a single 
p hase excited, re g a r d l e s s  of c u r r e n t  direction. T h e r e  are six possible 
flux d e n s i t y  d i r e c t i o n s  for a s i n g l e  phase e x c i t e d  for a three phase 
s t e pper and ten for a f i v e  phase stepper. O n e  m i g h t  even cons i d e r  
that relative to the th r e e  and fiv e  phase steppers a four phase . s t e p p i n g 
m o t o r  is e q u i v a l e n t  to a two ph a s e  m o t o r  w i t h  the p o s s i b i l i t y  of 
c u r rent reversal to o b t a i n  four d i f f e r e n t  flux d e n s i t y  v ector directions. 
This provides a c o n s i d e r a b l e  a d v a n t a g e  in being able to step the m o t o r  
t h r ough ver y  small angles. This a d v a n t a g e  carries t h r ough to half and 
q u a r t e r  stepping as well. A ny m o t o r  can be m i c r o s t e p p e d  to o btain 
v er y  small step angles, however, if small step a ngles can be o b t a i n e d  w i t h  
c o n s t a n t  phase currents, the control s cheme can be m u c h  simpler than a 
m i c r o s t e p p i n g  control.
CHAPTER I I I
M A T H E M A T I C A L  MODEL DEV E L O P M E N T  
3-A Equations of M otion
Regardless o f  the mechanical stru c t u r e  o r  the d r i v e r  c o n f i gurat ion, 
the stepping m o t o r  is a d e v i c e  wh i c h  has a set of e q u i l i b r i u m  positions 
equal to the number o f  steps per revolution. These e q u i l i b r i u m  positions 
a r e  d e t e r m i n e d  by the s tator w i n ding excitation. The n umber of positions 
per r e v o l u t i o n  is known as the n umber of steps p er revolution. For a 
fixed s tator exc i t a t i o n  p a t tern there is a t o r q u e-ang le cu r v e  or 
w i n d u p  c u r v e  ab o u t  each e q u i l i b r i u m  position for the rotor. If a 
g r a d u a l l y  increasing external torque is a p p lied to the rotor, the 
ro t o r  d e f l e c t i o n  an g l e  will increase. If the angle fro m  the zero 
t o r q u e  position is m e a s u r e d  and both p o s i t i v e  and nega t i v e  torques are 
applied, a t orque versus a n g l e  r e l a t i o n s h i p  results w h i c h  is a periodic 
f u n c t i o n  o f  angle. There will be a n umber of locations a round the 
rotat i o n  o f  the m o t o r  a t  w h i c h  there is zero torque. See F igure III-l.
S o m e  o f  these locations are s t able e q u i l i b r i u m  points and the others 
a re u n s t a b l e  e q u i l i b r i u m  points. The unst a b l e  e q u i l i b r i u m  points and 
the s table e q u i l i b r i u m  points will alternate. This can be seen by 
e n e rgizing a set o f  s t a t o r  phases and turning the rotor by hand. One 
will feel an increase in t o rque as one turns the rotor until suddenly 
the m o t o r  appears to run wit h  the torque and jump to a n ew location.
This pattern will r e p e a t  itself over and ov e r  as the rotor is turned 










m a x i m u m  torque can be a s s umed proportional to s t a t o r  current until the 
st a t o r  phase saturates, see figure 1 1 1-2.
Starting then w i t h  the t o r q u e - a n g l e  curve of the m o t o r  wh i c h 
represents the torque ava i l a b l e  to restore the m o t o r  to its e q u i l i b r i u m  
position, one m a y  w r i t e  the mechanical e quations which desc r i b e  the 
dynamic beha v i o r  o f  the motor. The torques on the m o t o r  fall into 
several categories.
(1) Load and m o t o r  inertia, J = Jp + Jm , causes an inertial 
torque.
(2) The load and m o t o r  mechanical damping, B = B-j + Bm ,
co n t r i b u t e  a d a m ping torq-ue on the motor.
(3) There m a y  be a velo c i t y  i n d e penden t load torque Tp.
For example, with a feed screw and nut d r i ving a gravity
load, th e r e  is a torque which is in a given d i rection 
regardless o f  the velocity. The positive dir e c t i o n  for 
Tp is a s s umed to be oppo s i t e  to the positive angle 
direction.
(4) The m o t o r  is also requ i r e d  to o v e r c o m e  the friction
torque. Friction may be c h a r a c t e r i z e d  in m a n y  ways, 
but probably the mos t  a c c e p t a b l e  descriptio n of friction 
is to break it up into two parts. A high initial 
stiction torque T g + Tp which decreases as soon as the 
two surfaces are sliding relative to one another.
This repre s e n t a t i o n  of friction depends on the d i rection 
of veloc i t y  and is shown in Figure I I 1-3. T he starting 
friction T g + Tp will be h igher than columb frict i o n  Tp 
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Figure III-3 
Friction Model
m athematica l ly  as in equat ion  I I I - l .
T f n c t i o n  = - ^ I T f +  T s ' u < H > - u < H  - 5 > »
w h e r e  u(x) = 0, x < 0 (III-l)
= 1, x > 0
Th e s e  torques can be summed and e q u ated to the inertial torque. 
The r e sulting mechanical s econd order differential equa t i o n  is n o n ­
l inear and represents all of the torques a p p lied to the motor.
Je = -Be - T(e) - T L - - f -  [ T f + T s (u(|e|) - T u(|e| - 6))]
l0 l (1 1 1-2)
wh e r e
u ( |e| - 6) = a unit step o c c u r r i n g  when |e| = s 
J = m o t o r  and load inertia 
B = mechanical damping
T (0) = r estoring t o r q u e  due to the s t a t o r  m a g n e t i c  field 
T^ = velo c i t y  i n d e penden t load torque 
Tp = c o l oumb friction 
T s = stiction torque 
s = small v e l o c i t y  -> 0
T he t o r q u e - a n g l e  curve or w i n d u p  curve o f  the m o t o r  due to the 
ef f e c t  o f  the s tator e x c i t a t i o n  upon the r o t o r  depends on the s t a t o r 
currents. This kind of d e p e n d e n c e  may m a n i f e s t  i tself in several 
ways. For a PM motor, n e g l e c t i n g  eddy currents the m a g n i t u d e  o f  the 
t o r q u e - a n g l e  curve is proportional to c u r r e n t  and the t orque angle curve 
is n e a r l y  sinusoidal.
T(e) = Kt I SinAe ( I I 1-3)
For the purposes o f  this d e v e l o p m e n t  it will be a s s u m e d  that the
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s tator w i n d i n g s  are u n s a t u r a t e d  so that the r e l a t i o n s h i p  between 
s tator c u r r e n t  and the m a g n i t u d e  of the t o r q u e - a n g l e  cu r v e  is a linear 
one. This is u s u a l l y  true if the s t ator c u r r e n t  is equal to or less than 
the rated current, see f i g u r e  III-2. F u r ther it will be a s s u m e d  that 
the t o r q u e - a n g l e  curve is sinusoidal in shape. On the o t h e r  hand, 
w i t h o u t  a n y  loss in g e n e rality , it is p e r f e c t l y  p o s s i b l e  to r e present 
the t orque a n g l e  cu r v e  by a Fourier Series. This m a y  be a p p r o p r i a t e 
in the model of v a r i a b l e  r e l u c t a n c e  (VR) stepping m o t o r s  since the 
to r q u e - a n g l e  cu r v e  tends to be mu c h  m o r e  non-sinuso idal than that for 
a p e rmanent m a g n e t  step p i n g  motor. Likew i s e  it is als o  per f e c t l y  
rea s o n a b l e  to m a k e  the co e f f i c i e n t s  o f  the F o u rier Series depe n d e n t  
upon current. This can be d e t e r m i n e d  by m e a s u r i n g  the torque - a n g l e  
cu r v e  for a ny given m o t o r  for a number of s t a t o r  currents and then 
r e p r e senti ng each o f  these to r q u e - a n g l e  curves by F o u rier Series.
Using least square e r r o r  meth o d s ,  an equa t i o n  can be d e v e l o p e d  for the 
c o e f f i c i e n t  of the fundamenta l, and each of harmonics of the resulting 
Fourier Series. In this w a y  a F o u rier Series c o n s i s t i n g  o f  a f u n d a ­
mental and several harmonics, in wh i c h  the a m p l i t u d e  o f  each wo u l d 
d epend upon current, c o u l d  be used to repr e s e n t  the to r q u e - a n g l e  curve 
o f  a stepping m o t o r  w i t h  a non-sinusoidal torque a n g l e  curve wh o s e 
shape was not ind e p e n d e n t  of c u r r e n t  magnitude.
Thus, for a s i n g l e  valued n o n l i n e a r  t o r q u e - c u r r e n t  relation 
and non-sinusoidal t orque angle curve:
T(e) = Kt  [f-j (I ) S inAe + f 2 s (I)Sin2Ae + f 2 c (I)cos2Ae]
( I I 1-4)
^ Kj I I f n (I)SinnAe + f (I)cosnAeJ 
n=l s c
In this w a y  it is p o s s i b l e  to a c c o u n t  for s a t u ration effects and also
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the changes in the s h a p e  o f  the torque angle cu r v e  w h i c h  will occur in 
v a r i a b l e  r e l u c t a n c e  stepping m o t o r s  as the c u r r e n t  changes. This adds 
c o n s i d e r a b l e  c o m p l e x i t y  to the model; however, it will not alter the 
m e t h o d  o f  anal y s i s  that will be developed. The phase plane methods 
that will be used to d e s c r i b e  stepping m o t o r  b e h a v i o r  will not be 
changed by using a m o r e  c o m plex t o rque-ang le relationship. A  further 
c o m p l e x i t y  can also be introduced ov e r  that shown in equa t i o n  1 1 1-3.
In equa t i o n  I I I -3 it is a s s umed that onl y  one s tator phase is excited 
at a time. If m o r e  than one phase is excited, the t o r q u e - a n g l e  curve  
that results is the v e c t o r  sum o f  the t o r q u e - a n g l e  curves prod u c e d  by 
each o f  the w i n d i n g s  itself. For example if all fo u r  phases o f  the 
m o t o r  are e x c ited a t  o n e  time, the to r q u e - a n g l e  cu r v e  w h i c h  results 
can be e x p r e s s e d  by equation III-5.
T(e) = Kt I i sin(Ae -
1 n=l n *
= Ky [i-j sinAe - i 2 cosAe - i3 sinAe + i^ cosAe] (1 1 1-5)
T](s) = Kj I sinAe , 1 phase at a time i-j = I, i 2 = = i^ = 0
T 2 (e) = 2Kj I sinAe , 2 phases at a time i-j = - i 3 = 1, i2 = i^ = 0
T^(e) = 2Ky I[sinA -cosAe] , 4 phases at a time i-j = i 2 = I = - i 3 = -i^
= 2/2 KT I sin(Ae - J)
H ere each s tator c u r r e n t  c o n t ribute s to the torque a n g l e  curve. These 
expression s d e s c r i b e  the mechanical part of the step p i n g  m o t o r  behavior 
and the torque produced by s tator excitation.
It is even poss i b l e  to a c c ount for eddy c u r r e n t  effects in the 
rotor poles by m a k i n g  the t o r q u e-ang le curve v e l o c i t y  d e p e n d e n t . ^
Thus, several m o r e  c o m plex r e p r e s enta tions for the torque-
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angle cu r v e  m a y  be used, however, in this analysis it will be assumed:
T(e) = Kji sin Ae (II1-6)
wh e r e
Ky = c u r r e n t - t o r q u e  constant
i = stator c u r rent
A  = number o f  cycles o f  the T-e cu r v e  per rotor revolution
0 = actual s h a f t  rota t i o n  in radians
S u b s t i t u t i n g  this ex p r e s s i o n  for T(e) into equa t i o n  I II-2 gives the 
g overning equa t i o n  for the mechanical model o f  the m o t o r  and is shown 
as equa t i o n  I I 1-7-
Je +  Be + Kx i sin A e  = - T, — —  £ T f + T ( u ( | e j ) - u(|e| - 6))]
I L | * |  - T S
H  (III-7]
S t a t o r  wind i n g s  have r e s i s t a n c e  and ind u c t a n c e  by v i r t u e  o f  
the fact that the s tator w i n d i n g s  are w o u n d  on an iron core. Further, 
there are voltages induced in the s tator w i n d i n g s  due to the relative 
m o t i o n  o f  the per m a n e n t  m a g n e t  rotor and the stator. T h e s e  voltages, 
c alled back e l e c t r o m o t i v e  force (BEMF) voltage, depend upon the location 
o f  the ro t o r  relat i v e  to the s t a t o r  and its speed and in the c a s e  of
the VR m o t o r  also s t a t o r  current. In this w a y  it is poss i b l e  to write
for each of the stator phases an equat i o n  wh i c h  relates the v o l tage  
a p p lied to the s tator current.
The BEMF voltages will in general, d i s p l a y  an a n g l e  dep e n d e n c e  
w h i c h  is n early the same as the t o r q u e-ang le curves in shape. Since 
equa t i o n  1 1 1-5 is the a s s u m e d  t o r q u e-ang le curve, the f o llowing BEMF
voltage equations can be written.
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PM m o t o r  stator for each phase: BEMF voltages
V BEMF1 = K b 0 sin Ae = Kb9 Sln A9
V BEMF2 = K b 0 sin(A 0 " = "Kt)0 C ° S A6
V BEMF3 = K b 0 s i n ^A  6 “ ^  = Sin Ae
VBEMF4 = Kb5 s i n <A 6 -  ¥  > “ Kb5 C0S A0
It will be a s s umed that the d r i v e r  w h i c h  is con n e c t e d  to each o f  the 
s t a t o r  w i n d i n g s  can be c h a r a c t e r i z e d  by voltage source with a series 
resistance. This is done by using a T h e v e n i n  e q u i v a l e n t  to the stator 
d r i v e  circuit. M a n y  c u r r e n t  drivers can be a s s umed to have this 
model. A true c u r rent source drive will c hange the s tator c u r rent 
nearly instan t e o u s l y  a nd m a i n t a i n  it n e a r l y  c o n s t a n t  regardless of the 
speed. For this type o f  drive, e q u a t i o n  I I 1-7 desc r i b e s  system 
beha v i o r  completely. H o w e v e r  even w h e n  the d r i v e  is not a true c u r rent 
source, because o f  the large e f f e c t i v e  c i r c u i t  resistance, it will be 
possi b l e  to neglect the inductive effects in the windings. On the 
o t h e r  hand it will not be poss i b l e  to n e g l e c t  the BEMF g e n e r a t e d  in 
the stator w i n d i n g s  as this v o l t a g e  will have a s i g n i f i c a n t  effect 
upon the behavior of the m o t o r  at high speeds.
In Figure I I 1-4 an e q u i v a l e n t  c i r c u i t  is developed f or each 
s tator phase of the m o t o r  shown in F i g u r e  II-5. It should be noted 
that if the t o r q u e - a n g l e  curve of the m o t o r  is non-sinuso idal, the 
BEMF is also going to be a non-sinusodial function o f  speed and angle. 
Thus it m a y  be n e c e s s a r y  to r e p r e s e n t  sinusoidal terms in the BEMF 
r e lations by a Fourier Series. P e r haps in the case of the VR motor, 
if the rotor is laminated, the BEMF voltages are mu c h  less than those 
in permanent m a g n e t  m o t o r  and m a y  be neg l e c t e d  e x c e p t  at all but the 
ver y  highest ope r a t i n g  speeds. It should also be no t e d  in the de-
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vel o p m e n t  of this model the mutual ind u c t a n c e  e f f ects between s t ator 
w i n d i n g s  have been neglected. It has been shown th a t  th e s e  effects 
are small e x c e p t  in s ingle stack VR motors. The c h i e f  e f f e c t  of mutual 
i nd u c t a n c e  b e t w e e n  s tator phases is a s h o r t  voltage transent which 
o ccurs in one o f  the phases due to a n o t h e r  phase being t u rned on or 
off. B e c a u s e  the y  are o f  sh o r t  dura t i o n  their e f f e c t  on mechanical 
m o t i o n  is negligligable. The s e l f - i n d u c t i v e  effects will be ignored 
in the initial d e v e l o p m e n t  of this model, b e c ause of the ver y  large 
d r i v e r  a m p l i f i e r  resistance. It can also be a s s u m e d  that the mutual 
i n d u ctance e f f e c t s  in the PM m o t o r  can be neglected for the same 
reason. Thus as long as the d r i v e r  consists of a v o l t a g e  source and a 
ver y  large series resistance , the mutual as well as the s e l f - i n d u c t i v e 
e f f ects will be ignored in the d e v e l o p m e n t  of this model. In fact, as
long as the m o t o r  b e h a v i o r  is being d e s c r i b e d  at rates equal to or
less than the s t o p - s t a r t  rates, it is proba b l y  safe to state tha t  even 
the BEMF e f f ects can be neglected. However, w h e n  d e s c r i b i n g  the mo t o r 
at slewing speeds, this is no l onger a valid as s u m p t i o n  as the BEMF 
can b ecome substantial, even w i t h  a c u r r e n t  drive. This can be seen 
by o bserving the curr e n t s  in the s t ator w i n d i n g s  during stepping. At 
low rates these c u r r e n t s  a p p e a r  to be n e a r l y  square waves. A t  higher 
rates app r o a c h i n g  slewing, the effects of BEMF become m o r e  pronounced. 
Even though the ind u c t i v e  time c o n s t a n t  is still small c o m p a r e d  to the 
s tator w i n d i n g  c u r r e n t  on-time, the s t ator curr e n t s  are no longer  
s q u a r e  waves. For this reason the BEMF c a n n o t  be n e g l e c t e d  even
though the inductive time c o n s t a n t  is still small c o m p a r e d  to current
on-time.
In case of the vari a b l e  rel u c t a n c e  motor, the peak of the
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to r q u e - a n g l e  cu r v e  will tend to be proportional to the s quare of the 
c u r r e n t , ^  See a p p e n d i x  A. C o n s e q u e n t l y  the linear t o r q u e - c u r r e n t  
re l a t i o n s h i p  a s s umed for the PM step p i n g  m o t o r  will not a p p l y  to the 
v a r i a b l e  r e l u c t a n c e  motor. On the o t h e r  hand this i ncreased c o m p l e x i t y  
c an be e a s i l y  handled w i t h i n  the model as it does not c h a n g e  the order 
o f  the model, it s imply m e a n s  that the c u r r e n t - t o r q u e  r e l a t i o n s h i p  is 
not a l inear one.
Ref e r r i n g  to the ideal e l e m e n t  model of F igure III-4 f or the 
stepping m o t o r  w i ndings, it should be noted that the s t a t o r  wind i n g s  
m a y  be e x c ited in four basic ways by a drive circuit. In general, 
st a t o r  w i n d i n g  d r i vers c o n s i s t  o f  fast swi t c h i n g  p o w e r  transistors.
Th a t  is, the v o l tage a p p l i e d  to the w i n d i n g s  is switc h e d  b y  m e a n s  of 
these power transistor s fr o m  zero to some magnitude. However, it is 
m o r e  c o m p l e x  than this. There are several p o s s i b i l i t i e s  f or the 
switching procedure:
1) T he v o l t a g e  s o urce c o n n e c t e d  to a gi v e n  w i n d i n g  m a y  be 
con n e c t e d  or disconnect ed. T h a t  is, the v o l t a g e  source 
m a y  be c o n n e c t e d  to the w i n d i n g  d uring the e x c i tation 
of that w i n d i n g  and will be d i s c o n n e c t e d  during the 
n o n - e x c i t a t i o n  period. W h e n  it is d i s c o n n e c t e d ,  no 
c u r r e n t  flows on that p a r t i c u l a r  winding. Th i s  s ituation 
is r e p r e s e n t a t i v e  of m o s t  t r a n s i s t o r  d r i v e r  circ u i t s  and 
can be used whe n  running w i t h  one or two phaes on.
2) T he v o l t a g e  across the w i n d i n g  will be shifted f r o m  a 
positive v o l t a g e  to a n e g a t i v e  voltage. Thi s  causes a 
c u r rent to f l o w  in the w i n d i n g  a t  all times. T h a t  is, the 
v o l t a g e  s o u r c e  in the model m a y  be plus E or mi n u s  E.
53
This is c o m m o n l y  used w h e n  all four phases o f  a PM m o t o r  
are excited.
3) T h e  t r a n s i s t o r  dr i v e  f or the w i n d i n g  m a y  have a inductive 
v o l t a g e  p r o t e c t i o n  or power return di o d e  w h i c h  is 
c o n n e c t e d  to a l l o w  currents to flo w  a round the w i n d i n g  
w h e n  the w i n d i n g  p o l a r i t y  is o p p o s i t e  to the normal 
polarity. In this case w h e n  the d r i v e r  t r a n s i s t o r  is
on, the w i n d i n g  is c o n n e c t e d  to the v o l tage source.
When the t r a n s i s t o r  is off, the w i n d i n g  is short c i r ­
c u ited by the diode for voltages of reversed pola r i t y
caused by the s t a t o r  w i n d i n g  in d u c t a n c e  or BEMF.
M a t h e m a t i c a l l y ,  d e pending on diode location, this 
s i t u a t i o n  can be identical to ca s e  (4).
4) The s o u r c e  v o l t a g e  for a w i n d i n g  c i r c u i t  m a y  be switched 
fro m  zero to E. The imp l i c a t i o n  here is that the w i n d ­
ing has a v o l tage E a p p l i e d  to it or it is short c i r ­
cuited.
F i r s t  looking at the cases w h e r e  the u n e n e r g i z e d  w i n d i n g s  are
open circuited, there is no c u r r e n t  f l o w  in u n e n e r g i z e d  w i n d i n g s  due
to BEMF. If all four s t a t o r  phases are ene r g i z e d  s i m u l t a n e o u s l y  then
the e f f e c t  o f  the BEMF is to increase the m o t o r  damping. If onl y  a 
s i n g l e  ph a s e  or two phases are ener g i z e d  simultaneo usly, the effect of 
the BEMF is to c h a n g e  the shape o f  the torque angle curve w i t h  speed. 
Thus t h e s e  two cases a r e  c o n s i d e r e d  further.
The v o l t a g e  a p p l i e d  to the nth phase V n can be d i v ided by 
m o t o r  and d r i v e r  resistance. So that the e quations of F igure 1 1 1-4 
w h i c h  have been d e v e l o p e d  for the m o t o r  can be w r i t t e n  as:
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^  = i«  + i r i s -  zxr- -  n ^ zs- s in (A e -  ) n = 1 >2 >3»4Rj+R_ n R j+R- dt R c + r hd s d s s d ( m _ 9)
S i n c e  L s / ( Rcj+ R s ) is small the i n ductive e f f e c t  will be neglected
so that:
\  ‘ R~V + s1n<A 6 - ^  " - 1.2.3.4 (IH-10)
a s  s d
This is combi n e d  w i t h  the t orque equation 6 to y i e l d
T(e) = Kt  I i sin(A e -
1 n=l n c
= Kt  s i n ^A  0 ~ (n~ 2 ^ + s i n 2 (A  0 “ n-1 d s s d
(III-ll)
T { 0) = Kt  (j  si n ( A  e . i n ^ J L )  +  ^  _ V _  s 1 n 2 (A 9 . iflilJjL )]
Th e r e  a re three ways of driving the m o t o r  for full step operation, one,
two, and fo u r  phases at a time. T h e s e  three cases are n o w  c o n s idered 
for the o f f  phases open circuited, (a) For 1 phase excitation , the 
e q u i v a l e n t  circuit is shown in f i g u r e  I I 1-5. 
i 2 = i3 = i4 = 0
V K b 0
1] = + Sll^ Ae)s d s d
K V k  K 0
T(e) = k-Ir- s1n(Ae) + s i n 2 (Ae) (HI-12)
d s s d
(b) For 2 phase excitation, the e q u i v a l e n t  c i r c u i t  is shown in figure 
11 1-6.




One Phase Excited 
Equivalent Circuit
Figure III-6 




Four Phases Excited 
Equivalent Circuit
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1] ~ r J r h  +  r <-^r h  s i n ^s d s d
13 = + S i n ^A  9 " ^
T(e) = Ky i-j sin(Ae) +  Ky i'3 sin(A 0 - tt)
K 0
T(e) = Ky [ r ^ T r-  + r ^ r -  s i n ( A e )] sin(Ae)
K 0
+ Ky [ r ^ - +  r“ + r “  sin(A 0 - t t ) ]  sin (A 0 - t t )  
d s d s
but sin(A 0 - tt)  = -sin(A0)
2Kt V 2 Kt K,0 ?
T (0) = sin(Ao) +  r-^r—  sin (A0)
d s d s
(c) For 4 phase excitation :
V Kp0




R d + R s
+V j.
K b e
R .+RC d s R d+ R s
-V .L
K b e
d s R d+ R S
-V ■1
Kb 6
R ^+ Rc d s Rd+ R s
. . -   „ 3 tt,
v k t
T(0) = R y-R—  [sin(A0) +  si n ( A  0 - -|) - sin(A 0 - tt)  -  sin(A 0 - 
d s
K K 0
+ R b-+- -■ [si n 2 (A0) +  s i n 2 (A 0 - -|) +  s i n 2 (A 0 - tt)  +  s i n 2 (A 
d s
b ut sin(A 0 - tt)  = -sin(A0)
sin(A 0 - t^j-) = - s i n ( A  0 - |-) = +cos(A0)
VK t  2K.Kt 0
T(0) = R - m -  £2 sin(Ae) - 2 cos(A 0 ) ]  + R- -+ r —  
d s d s
(111-13)
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sin(Ae) - cos(Ae) = Jl sin(A 0 - -|)
IfZ VKt 2K.Kt0
T (0) = s1 n ( A  9 - J) +  (111-14)
This results in the f o l l o w i n g  set o f  s y s t e m  equations for the three 
cases based on the t orque equation.
J 0 +  B 0 + T (0) = -T. - [Tf + T . C u(e) - u(§ - 6))] - 7-
: M
K K 9 k  v
(a) J 0 + Bo +  P b .-I-  s i n2(Ao) +  D jjp-- sin(Ao) = ... 1 ph a s e  (111-15)
d s d s
2K K 9 2K V
(b) J 0 + B 0 +  R- b-R— - s i n2(Ao) +  R sin(Ao) = ... 2 phase (111-16)
d s d s
2K.Kt0 2.J1 VKt
(c) Jo + Bo +  p °D- - + p-T5— - s i n ( A0 -£•) = ... 4 phases (111-17)
d s d s 4
If the une n e r g i z e d  w i n d i n g s  are all s h o r t  circuited, the e q u i v a l e n t  
circuit, f or one phase e x c i t e d  is shown in f i g u r e  1 1 1-7. 
one phase:
V, * v2 -  v3 -  v4
^  "
’3 =





s i n ( A  0
Kb9
R..+R.
s i n ( A 0
K 0
14 = Sin^  6 " ^
K g  K K 0
T(0)  = Kt  [-r + r"Tr" s i n ( A o ) ]  s in ( Ao)  + RT^ | - [ s i n 2 (A 0 -  | )
d s d s d s
+ s i n 2 (A 0 -  ir) + s i n 2 (A 0 -  ^ | ) ]
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KtV 2KT K b e
, .+R_ d s
T(e) = r - I r - sin(Ae) +  w  
d s
for 2 phases excited, the o t hers sh o r t  circuited, 
2Kt V 2Kt K.0
= Sin A^9  ^ + V Rs ~
f or 4 phases excited:
2/2 Kt V _ 2KT K b0
aTR T ”d sT (0 ) ' Rri+ R _ T S i n ^A  0 " P  + R d s
Thus, t h e r e  a r e  two d i f f e r e n t  s y s t e m  equa t i o n  forms: 
2 K h KT
Je +  (B + )® + s i n ( A0) = - + ...
d s
KK K
Jq +  [B +  r^Tr“  s i n2(A0)]0 + T m  s i n ( A0) = - T L - T f +.
(111-18)
(III— 19)
( I I I -20)
( I I 1-21) 
( I I 1-22)
In the case o f  the di o d e  p r o t e c t i o n  c i r c u i t  it is n e c e s s a r y  to 
r epr e s e n t  the u n e n e r g i z e d  w i n d i n g  s i t u a t i o n  by an e q u i v a l e n t  c i r c u i t  
as shown below.
R s+ R d
Kb0sin(Ae--|-)
Figure III-8
Here, whe n  the w i n d i n g  is deenergized, the BEMF v o l tage will 
cause a c u r r e n t  to flo w  whe n  it is o f  o ne p o l a r i t y  and no c u r r e n t  to 
f l o w  if it is the o t h e r  polarity. As before, the large series r e ­
s istance inhibits the indu c t i v e  effects, thus the s y s t e m  model will 
still be second order, however, the BEMF effects will be polarity
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dependent. Thus, wi t h  the e x c e p t i o n  of the case w i t h  d i o d e  protection, 
two forms of torque equ a t i o n s  apply. Th e s e  are shown in equa t i o n s  I I 1-21 
and I I1-22.
If the u n e n e r g i z e d  phases a re shorted, the e f f e c t i v e  d a m p i n g  
o f  the m o t o r  is increased and the model is simpler, also it does not 
m a t t e r  if 1, 2, or 4 phases a re ener g i z e d  as far as the fo r m  o f  damping 
ter m  is concerned.
For a PM m o t o r  w i t h  phase one energized, the electrical c i r c u i t  
eq u a t i o n  is:
v = L cFE' +  * V  ” ^ b0 sin Ae ( I I 1-23)
or,
w h e r e
Rt Rt dt +  1 " Rj sin A e  ( I H - 2 4 )
i = c u r r e n t  in the ene r g i z e d  phase w i n ding
V = total d r i v e r  v o l t a g e  across m o t o r  phase and series r e s istance
L = m o t o r  inductance
= BEMF constant in v o l t s / r a d / s e c
Rj = m o t o r  and d r i v e r  r e s i s t a n c e
If the L/Ry time c o n s t a n t  o f  the w i n d i n g s  is s u f f i c i e n t l y  
small, the jj—  term in equation 1 1 1-24 can be neglected. Thus 
assuming a rapid c u r r e n t  rise time, the c u r rent equation becomes 
\i K.
i = I- +  d1  0 sin Ae (111-25)
k t  Ky
Substi t u t i n g  this into e q u a t i o n  I I 1-7 a nd d e f i n i n g  Ae = e y i e l d s  the 
total gov e r n i n g  e q u a t i o n  for the stepping m o t o r  wit h  one phase e n ­
ergized.
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KrKu o . KtV
A 0 + A^' + AR-j5 sin2®J® + sin 0 =
|Q| l0 l (II1-26)
It m u s t  be remembered that this equa t i o n  is on l y  valid for a s ingle
phase drive w i t h  a small L/Ry and w i t h  no sat u r a t i o n  o f  the s t a t o r
i r o n .
In o r d e r  to put equa t i o n  I I I -26 into the m o s t  useful form, it 
is d e s i r a b l e  to m a k e  the e n t i r e  equa t i o n  dimensionless. This permits 
the model to be d e p e n d e n t  on o n l y  a few d i m e n s i o n l e s s  parameters  
instead o f  m a n y  dimensional ones and permits a global p i c ture of 
stepping m o t o r  beha v i o r  to be mor e  e a s i l y  discerned.
To do this, the e n t i r e  equa t i o n  is divided through by KyV/Ry, 
w h i c h  is also e q u i v a l e n t  to the m a x i m u m  static holding torque. Also  
d e f ined are a n u m b e r  o f  d i m e n s i o n l e s s  parameters:
J R T .. BR, Kb 2
A K tV 0 +  t|<TAV +  AV Sin 0J 0 +  Sin 0
T, Rt  T oRt  • T_RX •
- inr - inr - r ~  -  t t - -T- M®) - u(0 - (iii-27)
k t v  k t v  |© | k t v  |©|
— p
w h e r e  6 = co A n
tlrt
let: = T, = d i m e n s i o n l e s s  veloc i t y
T i n d e p e n d e n t  load torque (III-28)
T f RT
= d i m e n s i o n l e s s  c o l o u m b  friction 
k T v t t o rque ( I I 1-29)
Ts RT -
Y  Y ~ 3 T s = d i m e n s i o n l e s s  stic t i o n  torque ( I I 1-30)
If T fJ T , a nd T. are set equal to zero and equa t i o n  I 11-27 is l i n earized
T S • L
a b o u t  0 = 0, for small changes Ae, the r e sulting equa t i o n  is in the 
for m  o f  a second order linear differential equation.
A0 = o ( n i - 3 1 )
A K t V d t 2 A K t V dt
S i n c e  f o r  small changes f r o m  0 = 0 
sin 0-^0
s i n20 -> 0 (small c o m p a r e d  to 0)
Equation 31 can now be w r i t t e n  in s t a n d a r d  s econd o r d e r  form, i.e.,
+  — o( + x = 0 w h e r e  x = a q  (111-32)
wn n
M a k i n g  e q uations I II-31 a nd I I 1-32 e q u i v a l e n t  y i e l d s  the natural 
f r e q u e n c y  o f  the system
■n ■ / ?
T he d i m e n s i o n l e s s  d a m ping ratio can be found
ik - !!!l-
“ n = KT AV
or
BRT / ¥ *  .  B A  (HI-34)
c = 2KfSv /  J R f  - 2 /  OK^SV U U  34)
5, the mechanical d a m ping ratio term, is dimensionless. Since the 
equation was linearized to m a k e  this analogy, a d i m e n s i o n l e s s  par a m e t e r 




Upon check i n g  the units, y is found to be dimens i o n l e s s  and represents 
the BEMF term. Thus the entire equation has been w r i t t e n  in terms of  
only six numbers. In o r d e r  to m a k e  the e ntire equation dimensionl ess, 
it is n e c e s s a r y  to e l i m i n a t e  the time dimension. This is done by 
defin i n g  a new d i m e n s i o n l e s s  time, x, w h i c h  is d e p e n d e n t  upon the 
natural f r e q u e n c y  o f  the system, ton .
By s u b s t ituti ng e q u a t i o n s  II1-33 through I I 1-36 back into equa t i o n  111-27, 
a new, d i m e n s i o n l e s s  e q u a t i o n  is c r e a t e d  w h i c h  depends on onl y  five 
d i m e n s i o n l e s s  m o t o r  parameters. T he time scale depends on the s y stem 
natural frequency.
This equa t i o n  m a k e s  the results o f  the analysis much e a s i e r  to 
g e n e r a l i z e  since the solutions d e p e n d  on o n l y  five d i m e n s i o n l e s s  
parameters , c, y, ? L , T g a nd Ty, instead of ten dimensional parameters. 
S i n c e  it is second order, o n l y  two initial con d i t i o n s  m u s t  be specified, 
0 and 0, to d e t e r m i n e  a unique solution to the equation.
T h e  f o regoing d e v e l o p m e n t  is p r edicted on two assumptions.
T h e  first is that the m o t o r  i n ductive time cons t a n t  is small, secondly 
that the m o t o r  iron is n ot saturated. If the second a s s u m p t i o n  wer e  
not true, then in equat i o n  I I I -3, Kyi wo u l d  be a n o n l i n e a r  function of
X CO tn ( I I 1-36)
+ [2c + y s i n20j ^  +  sin 0 =
( II1-37)
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I. T h e  shape of the t orque an g l e  curve is sinusoidal, however, any
periodic shape is a c c e p t a b l e  (for example, a F o u rier Series). Tha t
2
series w o u l d  r e p l a c e  the sin© and sin © terms in e q u a t i o n  1 11-37- 
T he model can be m a d e  c o n s i d e r a b l y  m o r e  complex, however, it will be 
shown tha t  f or m o s t  purposes this model is s u f f i c i e n t l y  accurate.
3-B Phase Plane Methods
T h e  state space has been used since the e a r l y  1 9 4 0 * s to give 
an overall picture of n o n l i n e a r  s ystem behavior. Several investigat ors 
have used it to study the stepping m o t o r I t  is used to d i s p l a y 
a n y  n umber o f  solutions to a differential equation, be it l i n e a r  or 
nonlinear, and g r a p h i c a l l y  shows global s y s t e m  behavior. It is also 
used as a ver y  simple m e t h o d  of d e t e r m i n i n g  n o n l i n e a r  tra n s i e n t  behavior 
in a system. F or a second o r d e r  system, the state sp a c e  is a plane 
wi t h  two c o o r d i n a t e  axes. If the axes are v e l o c i t y  and position, the 
state plane is known as a phase plane. A n y  given po i n t  in the phase 
plane represents the two initial con d i t i o n s  for a s e c o n d  o r d e r  system.
There is a unique solution, co n s i s t i n g  o f  o n e  and o n l y  one t r a jectory 
in the phase plane, that passes through that point.
3-B.l Simple Phase Plane Example









TRANSLATION FROH THE TIME 
RESPONSE TO THE PHASE PLANE
The s y s t e m  differential e q u a t i o n  is:
m r ^ e  = - m g r s i n e  - Be ( I 11-38)
The foll o w i n g  o b s e r v a t i o n s  can be made:
a. If the p e n d u l u m  is defl e c t e d  and r e l e a s e d  it will o s c i l l a t e 
and finally com e  to rest. Its response is given by the 
solution to the differential e q u a t i o n  for an initial p e n d u l u m  
displacement.
m r^ 0 + Be + m g r s i n e  = 0 0(0) = 0 ( I I 1-39)
0(0) f 0
For small d a m ping this will be a spiral in the phase plane.
b. If the p e n d u l u m  is released at e = 0 with an initial velocity, 
the initial c o n ditions are e(0) = 0 and e (0) f 0. The 
differential e q u a t i o n  solution can be found and again it will 
o s c i l l a t e  and come to rest.
c. A  n u m b e r  of e(0), e(0) c o m b i n a t i o n s  can be s e l e c t e d  and the 
time response o f  the s y s t e m  can be plotted, however, it is 
hard to get m u c h  insight into overall behavior.
If one w h e r e  to plot the d i s p l a c e m e n t  time respo n s e  wit h  the 
initial c o n d itions e(0), e(0) = 0, for the p e n d u l u m  the results w o u l d  
look like those shown in figure 111-10. S i m i l a r l y  the v e l o c i t y - t i m e  r e ­
sponse could be plotted, see figure I I I - 10, note that one ha l f  cycle 
of the velocity has a 90° phase shift relative to the posi t i o n  respo n s e  
as w o u l d  be expected. T he phase plane plot of v e l o c i t y  versus position 
can n ow be d e r ived from these two time responses. S t a r t i n g  wit h  the 
initial condition, zero velo c i t y  for an initial posi t i o n  m a r k e d  as 
point 1, these coo r d i n a t e s  can be t r a n s l a t e d  to the phase plane. 
C o n t inuing with the given m a r k e d  points one can t r a n s l a t e  the entire
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r e s p o n s e  onto the phase plane. T h e s e  points w e r e  taken as the zero 
crossings, b ut i f  they w o u l d  have been taken at equal intervals o f  
time, then timing ma r k s  w o u l d  al s o  been r e p r e s e n t e d  on the phase 
plane.
One can use the phase plane to plot the p e n d u l u m  responses for
a n y  set of 0(0), 0(0) to get an overall p i c ture of response.
a. Let 0(t ) = to(t) be one variable, © ( t) another, then -g| = io(t
The s y s t e m  differential equation becomes:
= - i m f t )  - /  sin 0(t) ( I H - 4 0 )
m r
Thus for a given mass m  and radius r, depend only on
a), e. Using th e s e  two equations, for a ny point in the w 
versus e plane o ne can find the values of ^  a nd ^p|.
b. Like w i s e  a solution to the differential e q u a t i o n  for a given 
0(0), <o(0) will have a path in this plane c alled a t r a j e c t o r y  
w h i c h  proceeds fro m  the 0(0), oj(0) point in the plane to
0) =  0 =  0.
c. Further, the t a n g e n t  to this path or tra j e c t o r y  has a slope 
w h e r e
da) — w(t) - £  s i n0(t)
m r 2 ' . ( t ) --------------- ( m - 41 >
dt
N o t i c e  e v e r y  point in the u>-0 plane has on l y  one slope value 
e x c e p t  w h e r e  ^  = jy
d. Th e s e  points w h e r e  ^  = jj are c alled s i n g u l a r i t i e s  and they 
oc c u r  when, ^  = 0. In this case, where;
t o = 0 ,  sin 0 = 0  
that is 0 = 0, ±tt, ±2tt, ±3tt ...
N o tice when u)=0, 0=0 the p e n d u l u m  is at rest and if def l e c t e d  
slig h t l y  will return to w=0, 0=0 thus one can say w=0, 0=0 is a 
stable e q u i l i b r i u m  p o i n t .
When cj=0» 0=ir the p e n d u l u m  is at rest but it is upside down. 
If it is d e f l e c t e d  s l i g h t l y  it will swing down and away from this 
point thus this is an unst a b l e  e q u i l i b r i u m  p o i n t .
In the same way w = 0  0=0, ±2 , ±4 it ... are stable
e q u i l i b r i u m  points and 0 = ±tt , ±3tt ... are unstable e q u i l i b r i u m  
p o i n t s . This can be shown in the phase plane
2TT- a  TT
Figure III-11
e. As long as p e n d u l u m  initial position for w =0 satisfies
10 1 < tt it will return to ufO, 0=0. If the initial velocity 
and d i s p l a c e m e n t  is just right one can ma k e  the pendulum 
stand upside down. Thus the t r a j e c t o r y  goes to w=0, 0= ±tr, 
±3-rr see F igure 111-12. With a partical initial positive 
velocity, w, one t r a j e c t o r y  goes to t t, 0 in Figure III - 12. 
With an initial negat i v e  velocity, m, one t r a j e c t o r y  goes 
to -t t, 0 in F igure 111-12. These t rajectori es are called 
s eparatric es b e c ause they separate those t rajectori es that go 




f. If the p e n d u l u m  is dis t u r b e d  from an unsta b l e  point it will 
go to a stable e q u i l i b r i u m  point
g. Given initial conditions u)(0), 0(0) between two separatrices, 
the t r a j e c t o r y  will go to the stable s i n g u l a r i t y  bounded by 
those separatrix. Thus the p e n d u l u m  will go to u>=0=O when 
s t a rted between sep a r a t r i x  1 and 2.
h. If in s e t ting an initial condition a s e p a r a t r i x  is crossed 
then the p e n d u l u m  will go to a n o ther stable singularity. If 
the right s e p a r a t r i x  1 is crossed then the t r a j e c t o r y  will go 
to <jj=0, 0 = 2 tt. The pend u l u m  will have g ained one revolution. 
Onc e  the p e n d u l u m  is in m o t i o n  it will not cross a s e p aratrix  
unless it is d i s t r i b u t e d  by an external force.
i. S e p a r a t r i c e s  are like ridges, stable s i n gularit ies like holes. 
The t r a j e c t o r y  follows a path that a ball will f ollow as it 
goes into the hole in such a topography. If the ball crosses 
a ridge the t r a j e c t o r y  will go to a n o t h e r  hole.
The simple p e n d u l u m  s y s t e m  is analogous to the step p i n g  motor. It 
also illustrates some of the basic notions of the phase plane.
a. Star t i n g  wi t h  any initial conditions a)(0), e(O) one gets a
u nique path in the u  vs 0 plane called a "trajectory"
b. Singul a r i t i e s  oc c u r  w h e r e  the slope of a t r a j e c t o r y  is not
defined. For the pend u l u m  they all o c c u r  wh e n  p e n d u l u m  is at
rest, and vertical e i t h e r  the mass is down or up (stable and
u n s t a b l e ) .
c. Se p a r a t r i c e s  separate the plane into regions w h e r e  all t r a ­
je ctories w i t h i n  that region go to one singularity.
d. Putting time markers on plot will relate the t r a j e ctori es to 
time responses. Thus time responses could be plotted from 
the phase plane t rajectori es and vice versa.
3-C Phase Plane for the Step p i n g  M o t o r
The solutions to the dimensionl ess step p i n g  m o t o r  differential 
equation 1 11-37 can be plotted in the same w ay as the p e n d u l u m  response. 
If dimens i o n l e s s  m o t o r  velo c i t y  is plotted versus dimens i o n l e s s 
m o t o r  position 0, a global picture results from a phase portrait 
showing m a n y  solutions.
For the stepping motor, like the pendulum, there are an in­
finite n u mber o f  s i n gularit ies in the phase plane, both stable and 
unstable. The sta b i l i t y  of each sin g u l a r i t y  is d e f ined by the torque- 
a ngle curve of the motor. Think of the curve as being like a spring 
nea r  the singularity. For a stable singularity, the t o r q u e - a n g l e  
curve crosses the zero torque point with a positive slope (local 
positive spring rate). For an unstable s i n g u l a r i t y  the slope is 
negative (local nega t i v e  spring rate).
The s i n gularit ies are places in the phase plane w h e r e  the
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m o t o r  c an be at rest. T h i s  occurs when e =0=0. For no friction 
w h e n  0=0=0 Equa t i o n  I I 1-37 becomes
sin e = - ? L
or
( I I 1-42)
(II I -43)
(II1-44)
w h e r e  m  = 0,1,2,3, ...
If the e q uations are lin e a r i z e d  ab o u t  each of these singularit ies, it 
can be shown that the s i n g u l a r i t i e s  of equation I I 1-43 are stable 
focal points to w h i c h  t r a j e ctori es spiral and all o t h e r  s i n g ularit ies 
e qua t i o n  44, are u n s t a b l e  s addle points. T h a t  is the linearized 
s y s t e m  differential e q u a t i o n  ne a r  stable focal points
If the m o t o r  is p l a c e d  on the unstable s i n g u l a r i t y  it will 
r emain th e r e  until disturbed. This can be v i s u alized mor e  e asily by 
thinking o f  the pendulum. The s table s i n g u l a r i t y  cor r e s p o n d s  to the 
s itu a t i o n  w h e n  the p e n d u l u m  remains at the b ottom o f  its swing and the 
unst a b l e  s i n g u l a r i t y  c o r r e s p o n d s  to the behavior o f  the p e n d u l u m  at 
the top o f  its swing w h e n  it is inverted. When the p e n d u l u m  is in­
verted it will stay, if bala n c e d  very car e f u l l y  because o f  friction, but 
upon the least d i s t u r b a n c e  it will fall to the s table singularity.
The same situation o c c u r s  for the stepping m o t o r  at a s a ddle point.
By placing the tr a j e c t o r i e s  for several initial conditions on 
the same phase plane, a "phase portrait" is obta i n e d  (Figure 111-13).
0 + 2^0 + 0 = 0  f or small motions ( II1-45)
n ear s addle points
0 + 2^0 - 0 = 0  f or small m o t ions (II I -46)
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Since the trajec t o r i e s  will not cross, onl y  a few o f  the infinite 
n u m b e r  o f  possible tr a j e c t o r i e s  are needed in this portrait. For the 
stepping motor, the sh a p e  of this portrait depends on five parameters,
C, y, T f , T , and ? L - In this w a y  the response of the m o t o r  is much 
e a s i e r  to visualize. F i g u r e  111-13 has the foll o w i n g  characteri stics.
1. It is a phase plane port r a i t  for £ = .05, y = .01, T ^  = ? s = = 0
2. It is a p i c ture o f  vs 0 for a finite n u m b e r  of , 0(0) pairs.
3. T iming m a r k e r s  o c c u r  e v e r y  A t = .2, boxes for se p a r a t r i c e s  and 
crosses for o t h e r  t rajectori es
4. S table s i n g u l a r i t i e s  are at 0, +2ir, + 4 tt ...
Unsta b l e  s i n g u l a r i t i e s  are at +ir, +3tt, +5ir ...
5. S e p a r atric es d ivide the plane up into regions w i t h  one stable 
s i n g u l a r l y  inside each region to wh i c h  tr a j e c t o r i e s  in that 
region spiral. The time m a r kers on se p a r a t r i c e s  are small boxes 
.2 d i m e n s i o n l e s s  s e c onds apart.
6. When 4^- > 0,0 is i n c reasing thus the t r a j e ctori es m o v e  to rightQ t
as t increases in the top hal f  plane and to the left in the 
b o t t o m  hal f  plane, w h e r e  ^  < 0.
7. In the top hal f  plane, the m o t o r  will a c c e l e r a t e  w h e n e v e r  the
H rslope ^  is p o s i t i v e  and slow down w h e r e  it is negative. Since  
^  = 0 is p o s i t i v e  in the top hal f  plane, then if -^| = 
d0
is posi t i v e  ^  = 0 m u s t  be positive. In the botton half
dx
plane the o p p o s i t e  is true.
9. A n y  t r a j e c t o r y  ini t i a l l y  on one side of a s e p a r a t r i x  m u s t  always 
remain on that side. It is important to note that the only 
reason for stepping m o t o r  failure (i.e., not exec u t i n g  the re-
Figure 111-13 ^
Stepping Motor Phase Portrait
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qu i r e d  n umber o f  steps) is a crossing of a s e p a r a t r i x  during stepping.
10. The vertical scale for all phase planes is r a d / d i m e n s i o n l e s s  second 
and the horizontal scale is radians (it will be shown that stepping 
causes the tr a j e c t o r i e s  to cross a separatrix).
Figures 111 - 14 through 1 1 1-25 show phase planes for various
values o f  ?, y, ? s and T^. Each p a r a m e t e r  will be varied s e p a r a t e l y
to sho w  the e f f e c t  o f  tha t  p a r a m e t e r  on the shape of the t rajectori es 
in the phase plane.
3-C.l Effect of D a m ping
Figures III-14 t h r ough III-16 show the e f fect of increasing
mechanical damping for a typical PM motor. From these phase plane
portraits the f o llowing o b s e r v a t i o n s  about the e f fect of m o t o r  damping 
ratio 5 can be made:
a. As ? increases s e p a r atric es are f a r ther apart. This means that to 
run at any given spaed'as t, increases m u s t  cross fe w e r  separatrices.
b. Tr a j e c t o r i e s  spiral into stable singularit ies m o r e  rapidly as c 
increases. Thus single step oscill a t i o n s  decr e a s e  f a ster as c 
increases.
c. The region of the t op hal f  of the phase plane w h e r e  the m o t o r  can 
accelerate, (positive t r a j e c t o r y  slope, wh e r e  ^|- > 0), is smaller 
as c increases.
d. The m a x i m u m  speed 9m a x  at which a c c e l erati on can oc c u r  (max velocity 
for w h i c h  > 0) becomes smaller as t, increases. Thus slewing 
speed decreases as ? increases. Thus increasing d a m ping ratio
will improve single step response but will reduce m a x i m u m
slewing speed.
5 * 0  
4*0
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3-C.2 Effect o f  Load 
The velo c i t y  ind e p e n d e n t  load t orque T L can be in v e s t i g a t e d  
using the phase portraits. Figures 111-17 through 1 1 1-20 sh o w  the 
ef f ects o f  increases in load t o r q u e  ?^.
a. The s eparatric es in the b o t t o m  hal f  plane crowd t o g e t h e r  wh i l e  
those in the top hal f  plane spread apart. Thus mor e  s eparatric es 
are c r o ssed whe n  m o v i n g  with the load torque for a given abso l u t e  
velocity.
b. For e = .05 and y= 0.01 at ? L = .14 the s eparatric es pinch off 
and a region on the phase plane exists w h e r e  the t r a j e ctori es go 
t oward -~. If the s y s t e m  enters one of these regions, it will 
run backwards under load with an o s c i l l a t i n g  speed. It s hould be 
noted that as ? L (the v e l o c i t y  ind e p e n d e n t  load torque) is in­
creased, the se p a r a t r i c e s  mov e  down c l o s e r  to the e q u i l i b r i u m  
points, and at about = .14 for t, = .05 y = .01, the s e p a r atric es  
a ctu a l l y  circle a round the e q u i l i b r i u m  postion. The shaded area
in Figure I I 1-20 is an area between two s e paratric es which  
does not contain a stable s i n g u l a r i t y  e xcept at -°°. A n y  
time the m o t o r  is placed in this area, the m o t o r  will f ollow 
that trajectory. However, any t r a j e c t o r y  in this area leads to a 
s i n g u l a r i t y  at -°° in the phase plane. This means that the m o t o r  
can actu a l l y  be d riven backwards under a load which is mu c h  less 
than the m a x i m u m  t orque it can deliver. This is very apt to 
happen when driving a g r a vity load.
c. The t r ajectori es spiral into the stable s i n gularit ies f a s t e r  as
increases.
d. F or a torque o p p o s i n g  m o t i o n  in the posi t i v e  0 direction, the
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Phase Portrait, f =.4Li
s table singul a r i t i e s  m o v e  to the left toward the unstable s i n g u ­
larities.
e. The path in the phase plane w h i c h  leads to the s table si n g u l a r i t y  
becomes smaller.
f. The m a x i m u m  speed at w h i c h  the m o t o r  can a c c e l e r a t e  against a
load torque becomes s m a l l e r  so that slewing speed decreases.
3-C.3 Effect of Friction
To see the e f f e c t  of a cons t a n t  load t orque and friction upon
the s i n gularit ies in the phase plane it is useful to plot the torque-
a ngle curve and the load torque plus friction versus angle, see Figure
I I 1-21. The angles at w h i c h  the load torque plus friction equals the
t o r q u e - a n g l e  curve values are the e q u i l i b r i u m  points. As load torque
increases these m o v e  t o g e t h e r  and to the left as shown in equations
I I 1-43 and I I 1-44. Si n c e  the load t orque plus friction has one
m a g n i t u d e  in one d i r e c t i o n  and a n o t h e r  in the oppo s i t e  d i rection (?, +
Tf + ? s w h e n  © > 0 and ?p - T p  - ? s when © < 0) this est a b l i s h e s  a
band of angles about each e q u i l i b r i u m  point. With friction there will
be a band o f  s i n gularit ies or "dead-zone", when e = 0, for which
there will be no motion. Because of the stiction, the band will be
w i d e r  for velocity increasing in m a g n i t u d e  from zero and wh e n  the
v elo c i t y  is dec r e a s i n g  towards zero. Since the s y s t e m  is at rest when
©=0, the e ffect o f  stic t i o n  is to increase the dead zone for trajectori
at the © =0 axis nea r  an e q u i l i b r i u m  point. The s m a l l e r  dead zone due
to Tp alone will not be seen in the phase plane. Thus + T g will
d etermine the dead zone. For n o n z e r o  velocity T has no effect. ForJ s
this reason ? s will not e ffect phase plane shape, it will only increase 
the dead zone.
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Torque-Angle Curve and Dead Zone
Figures I I 1-22 t h r ough III-24 sho w  the e f f e c t  o f  increasing 
m o t o r  and load c o l u m b  frict i o n  Th e s e  effects can be summarized:
a. Increasing friction causes the s e p a r atric es to be f u r ther 
apart. In this r e s pect increased friction has an e f f e c t  s i m i l a r  
to inc r e a s e d  m e c hanical damping.
b. Increasing decr e a s e s  the m a x i m u m  speed at w h i c h  m o t o r  can 
a c c e l e r a t e  and so reduces m a x i m u m  s l e wing speed.
c. Friction also causes a dead zone or region about all the e q u i l i ­
b r i u m  points in w h i c h  the m o t o r  can sit w i t h o u t  motion. The 
w i d t h  of the zone is
DZ = + s i n - 1 (Tf + ? s ) ( I I 1-48)
Figure I I 1-24 illustrate s this deadz o n e  e f f e c t  d r a m a t i c a l l y  wh e r e  it 
is seen tha t  the d e a d z o n e  appears about all the e q u i l i b r i u m  points.
This deadz o n e  d e creases m o t o r  step p i n g  a c c u r a c y  b e c ause the final 
m o t o r  p o s i t i o n  about the e q u i l i b r i u m  points will be a n y w h e r e  w i t h i n  
the band d e f i n e d  by e q u a t i o n  I I 1-48. Thus load friction can strongly 
influence s t e p p i n g  accuracy. O t h e r  factors d e t e r m i n e d  by m o t o r  m a n u ­
fa cturing t o l e rances e f f e c t  accuracy, h o w e v e r  T^ + ? s is u s u a l l y  the 
d o m i n a t i n g  effect.
3-D S u m mary
T he e ffect o f  a ny m o t o r  p a r a m e t e r  on the d i m e n s i o n l e s s  par a m e t e r  
wh i c h  d e s c r i b e  m o t o r  b e h a v i o r  is s u m m a r i z e d  in Figure 1 1 1-25. This chart 
is also useful to p r e dict the e f f e c t  of a pos t u l a t e d  c hange in the 
system.
The phase portraits shown e a r l i e r  d e m o n s t r a t e d  that the di- 
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1. D e c r e a s i n g  damping ratio (?), allows f a s t e r  slewing, causes 
l onger transients, the m o t o r  m a y  gain steps for short fixed period 
sequences and can lose steps whe n  stepping at its natural frequency.
2. D e c r e a s i n g  BEMF cons t a n t  (y )> has an e ffect s i m i l a r  to d e ­
creasing d a m ping ratio ?.
3. Dec r e a s i n g  natural f r e q u e n c y  (wn ), causes the time marks on 
the phase port r a i t  to r epresent l onger real times. A s m a l l e r  o» makes 
the d i m e n s i o n l e s s  v e l o c i t y  r e present s m a l l e r  real velocities.
4. Dec r e a s i n g  friction (T^, T ) causes a s m a l l e r  dead zone about 
each singularity. Makes the m o t o r  a p p e a r  to have a lower d a m p i n g  ratio 
C-
5. Dec r e a s i n g  load torque (?L ), reduces the c h a n c e  o f  the m o t o r  
running backwards under load, reduces the shift of the e q u i l i b r i u m  
points, and allows the m o t o r  to run at f a s t e r  fixed period rates 
a g a inst the load.
Upon close inspection of m a n y  d i f f e r e n t  phase portraits for 
various values o f  the parameters, it is possible to d r a w  some general 
conclusion s a b o u t  stepping m o t o r  b e h a v i o r  as m o t o r  p a r a meters are 
changed.
1) As ?.p is increased, the s e paratric es m o v e  f a r t h e r  away 
from each ot h e r  wit h  fe w e r  s e p a r atric es below any given velocity, as 
shown in Figure I I 1-26. This e f f e c t i v e l y  reduces the c h a n c e  that the 
m o t o r  will gain steps, but at the same time it decreases the m a x i m u m  
slew speed wh i c h  can be attained. Increasing also ma k e s  the dead 
zones about the e q u i l i b r i u m  p o sitions wider, hence d e c r e a s i n g  position 
accuracy wh e n  the m o t o r  is at rest. It also causes the t rajectori es  
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looks as if the m o t o r  had additional m e c h anical damping. As 
? , the stiction, is increased, the dead zone increases wit h  no ot h e r  
e f f e c t  on trajectories.
2) If the d a m p i n g  ratio, ?, is i n creased (Figure I I 1-27), 
the s e p a r atric es m o v e  aw a y  fro m  the position axis and are s p aced f a r ther 
apart, w h i c h  m a k e s  it h a r d e r  to gain steps at a s t e p p i n g  rate n e a r  the 
sta r t - s t o p  rate, the m a x i m u m  fixed period step p i n g  rate w i t h o u t  losing 
steps. This also causes the response to be less o s c i l l a t o r y  and the 
settling time is reduced. However, i n c r easing the d a m p i n g  ratio also 
reduces the m a x i m u m  s l e wing rate, and for high sp e e d  applicatio ns,
this is unacceptable. In addition, there is no dead zone a s s o c i a t e d  
with an increase in t, so that s tatic a c c u r a c y  is not effected. Lastly, 
increased c reduces the m a x i m u m  s t a r t - s t o p  rate.
3) If ?^, the v e l o c i t y  in d e p e n d e n t  load, is increased 
(Figure 1 1 1-28) the se p a r a t r i c e s  all begin to m o v e  down t oward the 
position axis and at some value o f  ? L d e t e r m i n e d  by the o t h e r  parameters, 
the se p a r a t r i c e s  can a c t u a l l y  e n c i r c l e  the s table s i n g u l a r i t i e s  and 
produce an area w h i c h  leads to a s i n g u l a r i t y  at -°°, as has pre v i o u s l y  
been described. It will also be noted that the u n s t a b l e  e q u i l i b r i u m  
point to the left o f  any s t able s i n g u l a r i t y  mo v e s  c l o s e r  to that
stable s i n g u l a r i t y  as ? L is increased. This makes it e a s i e r  for the 
m o t o r  to fail by c r o s s i n g  a sep a r a t r i x  to the left to lose steps. A t  a 
value o f  torque equal to = .707 for a sinusoidal t o r q u e - a n g l e  curve 
and four phase motor, and the m o t o r  will no longer be able to step, b e ­
cause this is the m a x i m u m  a v e rage torque that is available. Increasing 
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4) By increasing the BEMF constant, y, the t rajectori es  
tend to take on a s t e e p e r  slope at high speeds (Figure I I 1-29). This 
moves the s e paratric es aw a y  fro m  the position axis, m a k i n g  it h a r d e r  for 
the m o t o r  to gain steps in a short step p i n g  sequence. It also reduces 
the m a x i m u m  speed at w h i c h  the m o t o r  m a y  operate, and for low damping 
becomes the d o m inating f a c t o r  in d e t e r m i n i n g  the m a x i m u m  speed.
5) Since the natural f r e q u e n c y  o f  the s y s t e m  changes the
time scale on all plots, it has no e f f e c t  on phase port r a i t  shape, but 
the h igher ajn becomes, the f a s t e r  the s y s t e m  will respond and the 
f aster will be the actual st a r t - s t o p  and slewing rates.
The above ob s e r v a t i o n s  are stri c t l y  trends w h i c h  are seen in 
the phase portraits. The phase portr a i t  for a given m o t o r  drive and 
load will give an overall view of the s y s t e m  and will sho w  a d e s i g n e r  
w h a t  steps to take to improve the per f o r m a n c e  o f  his system. In o r d e r  
to get a p i c ture of w h a t  will oc c u r  for various stepping sequences, it 
is e a s i e r  to a u g ment the phase port r a i t  with a c o m p u t e r  p r o g r a m  which 
will g r a p h i c a l l y  show the m o t o r  s t e p p i n g  response f or any given n u mber 
of steps at any time s p a cing t . This also has been a c c o m p l i s h e d  and 
is the means by w h i c h  this model will be verified in the experimental 
s ection o f  these notes.
CHAPTER IV
M O T O R  STEPPING 
4-A S t e p p i n g  in the Phase Plane
A  stepping m o t o r  steps as a result o f  the c u r r e n t  being switched 
from o ne s tator phase to another. The location of the next stator phase 
to be e x c ited d e t e r m i n i n g  the dir e c t i o n  of stepping, see Figure IV-1.
In a four phase s t e pper th e r e  are four steps as 0 goes from 0 to 2tt 
radians. Every step, t h e r e f o r e  in 0, is a step o f  size 0g = -| 
radians. If the c u r rent b u i l d u p  in the windings is very rapid and 
stepping in the positive d i r e c t i o n  is called for, then the motor's 
t o r q u e-ang le c u r v e  imm e d i a t e l y  shifts its position to the right by 
j radians.
Si n c e  the shape o f  the t o r q u e-ang le curve has not changed, 
this is e q u i v a l e n t  to shift i n g  the phase portrait to the right an 
amount equal to the step size, in this case ^  radians. However, this 
is also e q u i v a l e n t  to shif t i n g  the phase plane t r a j e c t o r y  o f  the m o t o r  
7? radians to the left at the instant that the s t a t o r  w i n d i n g s  excitation 
is changed. This is a critical c o n c e p t !
In the process o f  stepping the phase plane shifts from one 
location to a n ew location r e presenti ng the e q u i l i b r i u m  or zero torque 
point of the new torque a n g l e  curve. If the peak o f  the torque angle 
curve is the same for ev e r y  step, then the original phase plane simply 
shifts to the right to step in a positive direction or to the left to 
step in a nega t i v e  dire c t i o n  and the size of the step is equal to the
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shift in the flux d e n s i t y  v e c t o r  A\p. By this process one m i g h t  rep r e s e n t  
any stepping s e q u e n c e  as a sh i f t  from o ne phase plane to another, or one 
m i g h t  r e p r e s e n t  a horizontal shift in the t r a j e c t o r y  to the left in a 
given phase plane as the same as a shift o f  the w h o l e  phase plane. By 
doing this, it is poss i b l e  to sho w  that the o r i g i n  in the phase plane is 
always the location to wh i c h  the rotor s hould e v e n t u a l l y  go if it is 
stepping correctly. If the t o r q u e - a n g l e  curve o f  the s t e p p i n g  m o t o r  
changes in a m p l i t u d e  f r o m  one step to another, then the shape o f  the 
phase plane will also c h a n g e  because of this c h a n g e  in t orque a m p l i t u d e  
a nd so it will be n e c e s s a r y  to describe the m o t i o n  of the m o t o r  w i t h  two 
or m o r e  phase planes in this situation.
When the s tator e x c i t a t i o n  is s h i fted by the d r i v e r  a m p l i f i e r s  
to step the motor, the n ew t orque equa t i o n  is identical to the old one 
b ut has been shifted to the right or left by the step size. Hence,
then the r e sulting m o t o r  r e s p o n s e  is s h i f t e d  to the left or right in
the phase plane an a m o u n t  equal to the step size.
As long as the ind u c t i v e  effects can be neglected, and torque- 
a ngle cu r v e  shape and m a g n i t u d e  d o e s n ' t  c h a n g e  f r o m  step to step, this 
is a valid w a y  o f  r e p r e s e n t i n g  m o t o r  stepp i n g  behavior. This r e p r e s e n ­
tation has the f o llowing advantages.
1. A  s i n g l e  phase plane portrait can be used to r e p r e s e n t  stepping 
b e h a v i o r  for a n y  step sequ e n c e  for a given m o t o r  and load.
2. T he o r i g i n  o f  the phase portr a i t  r e p r esents the final d e s ired 
position. Thus the horizontal dist a n c e  fro m  the o r igin to the 
m o t o r  t r a j e c t o r y  is ind i c a t i v e  of the i n s tantane ous error.
3. Phase port r a i t  shape can be related d i r e c t l y  to the p h enomena 
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m o t o r  p a r a m e t e r  such as d a m ping can be shown to a l t e r  the portrait 
shape, then the e f f e c t  o f  that a l t e r n a t i o n  on response can be 
a s s o c i a t e d  w i t h  the p a r a m e t e r  change.
4. C r o s s i n g  a s e p a r a t r i x  will cause the final position o f  the rotor to 
d i f f e r  from the origin or d e s ired final position unless sub s e q u e n t 
steps bring the t r a j e c t o r y  back across the separatrix. This is the 
m e c h a n i s m  o f  f a i l u r e .
Thus the phase plane can be used to study the resp o n s e  o f  the 
m o t o r  to any step sequence. This appr o a c h  is ill u s t r a t e d  in Figure
IV-2 for a 2 step sequence. Since the time m a r kers are .2 dimens i o n l e s s
seconds apart, this plot shows the m o t o r  response to two clo c k w i s e  
step comm a n d s  1 d i m e n s i o n l e s s  second apart. C l e a r l y  the m o t o r  can 
execute this s e q u e n c e  as it returns to the o rigin a f t e r  the sequence 
is over.
As was shown earlier, the n u m b e r  o f  phases will equal the 
n umber o f  steps that o c c u r  for one cycle of the t o r q u e - a n g l e  curve.
Thus step angle is d e f i n e d  by
2 7T 2 71" / \
9 s = PA o r  in n orfTialized angle 0 S = p ~  (I V - l )
wh e r e  P = n u m b e r  o f  s t a t o r  phases. In Figure IV-3 a stepping sequence 
of ten steps is shown. With each of the marks on the t r a j e c t o r y  
r e p r e senti ng t = w t = .2, for a step p i n g  sequence wit h  ten commands 
of period T g = 1 d i m e n s i o n l e s s  second, the m o t o r  steps and follows 
that t r a j e c t o r y  for 5 m a r k s  until the next step occurs one d i m e n s i o n ­
less second later. This continues until the stepp i n g  s e q u e n c e  is 
terminated, at w h i c h  time the m o t o r  follows the t r a j e c t o r y  it is 
cur r e n t l y  on to a s table singularity. If the m o t o r  does not fail, it 
will return to the same s i n g u l a r i t y  in the phase plane fro m  w h i c h  it
Figure IV-2 
S t e p p i n g  by S h i f t i n g  T r a j e c t o r y
M-2  u (?)
Figure IV-3 ^
A  Ten Step S e q u e n c e  in the Phase Plane
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started as long as step p i n g  behavior is re p r e s e n t e d  by a shift in 
angle of e s a t  each step. It m u s t  be remembered that the actual value 
of the ro t o r  d i s p l a c e m e n t  should be
0 = 0(0) + 0S x number of steps c o m m a n d e d  (IV-2)
This occurs b e c a u s e  the trajectories w e r e  s h i fted r a t h e r  than shifting 
the phase planes. By shifting the trajectori es, the o rigin always 
remains as the d e s i r e d  final location. Looking at Figure IV-3 again, 
it will be noted that if stepping s e q u e n c e  is t e r m i n a t e d  at the end of 
1, 2, 3, 4, 8, or 9 steps, the m o t o r  will return to the c o r r e c t  e q u i l i ­
brium point. However, if it is stopped af t e r  the 5th, 6th, or 7th 
step, the m o t o r  will have c r o ssed the sepa t r i x  to the right of the 
singularit y a nd the m o t o r  will gain four steps. This is due to the 
speed tra n s i e n t  w h i c h  occurs at the start of a stepp i n g  sequence. As 
the d a m ping ratio, c, becomes smaller, the transient is l onger and 
there will be m o r e  s e q u e n c e  lengths for wh i c h  the m o t o r  will gain 
steps. This effects the sta r t - s t o p  rate but m o r e  will be said ab o u t  
this later.
When stepping occurs, the g o verning equa t i o n  changes due to 
the change in the position o f  the to r q u e - a n g l e  curve w h i c h  has been 
accounted f or by s u b t ractin g 0 g fr o m  the m o t o r  angle in the phase 
plane at stepping instants T . The new angle def i n i t i o n  is:
N




0„ = Ae„ = nor m a l i z e d  step size = „■ s s r # phases
u (t - t ) = unit step o c curring at time x n
N = number of steps
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T n = time of the n step command, f or a fixed step p i n g  period
V  T n = " V  
Then the actual e q u a t i o n  becomes
9 N
0 +  [2? + ysin (e - £ 0 u ( t - T ))]e> (IV-4)
n=l s n
+ sin(e - J e u(t - T  )) = -T, - (Tf + T (u( |e| )  - u(|e|  - «))) - f -
n=l n l T S |0 |
This equation is valid for any stepping s e q u e n c e  for a n y  given stepping 
m o t o r  wi t h  s ingle phase exc i t a t i o n  as long as the c u r rent in the m o t o r
windings changes a l m o s t  i n s t a n t a n e o u s l y  at step times T .
Actual m o t o r  response does not m o v e  d i s c o n t i n u o u s l y  to the 
left, but progresses to the right for a posi t i v e  stepping sequence.
Its response could also be desc r i b e d  by s h i f t i n g  the phase plane to
the right at each step instant. O 9 » 2 0 )  ^  t h e r e i n c a i plots will be
rearranged in this m a n n e r  by means of a c o m p u t e r  for eas y  com p a r i s o n  
to meas u r e d  data. By shifting the phase planes, it is e a s i e r  to 
relate experimental responses to c o m p u t e r  simulation s, by shifting the 
trajectories, it is e a s i e r  to see the causes of f a i lure so that whe n  
comparing data to simulation s, the phase planes for step p i n g  sequences 
will be shown both ways.
4-B Experimental Ste p  S e q u e n c e  Me a s u r e m e n t s
Shif t i n g  the tra j e c t o r y  to the left in the phase plane an 
amount equal to the step size ©s at step p i n g  instants is a co n v e n i e n t 
w a y  of showing how m o t o r  stepping failures can occur. It allows high 
speed stepping to be shown very convenient ly. It also can de m o n s t r a t e  
methods o f  position feedback and shows o p t i m u m  sequences. However,
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wh e n  comp a r i n g  m e a s u r e d  phase plane responses to c o m p u t e r  simulation s 
other presen t a t i o n s  a re m o r e  convenient.
V e l o c i t y  sensors a re continuous, however, m o s t  posi t i o n  sensors 
produce an o u t p u t  v o l t a g e  w h i c h  is a periodic function o f  angle. A 
po t e n t i o m e t e r  can be c o n n e c t e d  to the rotor and a bridge c i r c u i t  used 
to produce a v o l t a g e  w h i c h  is proportional to a n g l e  ove r  a b o u t  360° 
see figure IV-4. This signal a p p ears as shown in F igure IV-5. The 
bridge o u t p u t  v o l tage shifts every 2-n radians o f  rotation so that the 
position signal repeats itself.
Several forms o f  c o m p u t e r  sim u l a t e d  response p r e s e n t a t i o n s  are 
co n venient depe n d i n g  on the step size relative to s ensor period for a 
360° position s e n s o r  period.
1. If m o t o r  step size is small c o m p a r e d  to 2-rr r a d i a n s . In this case, 
except for long sequences, the m e a s u r e d  m o t o r  phase pl a n e  response  
will a p p e a r  to be the same as the c a l c u l a t e d  r esponses w h e n  the phase 
plane is shifted in the stepping d irection an a m o u n t  equal to the step 
size. It is important, o f  course, to position the s e n s o r  shift point 
away from the stepping m o t o r  phase plane region of interest.
2. If the m o t o r  makes on l y  a few steps per r e v o l u t i o n , then the 
measured phase planes will r e p e a t  e v e r y  2-n radians as the p o t e n t i o m e t e r  
signal cycles. This c an be a c c o m p l i s h e d  in the simulation s by s u b ­
tracting 2ir radians from the m o t o r  an g l e  for every 2-n radians of 
m otion from some a r b i t r a r y  angle.
A c c e p t a b l e  phase planes can be o b t a i n e d  using an int e g r a t o r  
and a tachometer. The int e g r a t o r  m u s t  be reset a f t e r  some m a x i m u m  
angle indicating signal has been reached. This has the same e ffect as 










Si n c e  the si m u l a t i o n  results are prod u c e d  by a computer, it is 
useful to rep r o d u c e  t he expec t e d  m e a s u r e d  responses as c l o s e l y  as 
possible. However, e x c e p t  when c o m p a r i n g  m e a s u r e d  results to the 
simulations, m o t o r  step p i n g  b e h a v i o r  will be des c r i b e d  in terms o f  an 
i nstantaneous shift o f  p o s i t i o n  e g at the instant o f  a step c o m m a n d  
b ecause it is this r e p r e s e n t a t i o n  w h i c h  m o s t  e f f e c t i v e l y  shows the 
m e c h a n i s m  o f  failure.
An a l t e r n a t e  a p p r o a c h  to the experimental data taking w o u l d  be 
wit h  the use o f  an e n c o d e r  and a m i n i - compu ter. Some p r e l i m i n a r y  wor k  
in this area has i n dicated that a m i n i m u m  of 32K t welve or s i x teen bit 
words are n e c e s s a r y  to r e p r e s e n t  a r e a s o n a b l e  a m o u n t  o f  data. The  
choice o f  e n c oder r e s o l u t i o n  is a function of step angle and a c c u r a c y  
of desired results. D i g i t a l l y  o n e  can c o m p u t e  the d e s ired v e l o c i t y  
from the position data, thus DMA is used to record the original e n c o d e r  
output at fixed intervals of time, to increase samp l i n g  rates. A f t e r  a 
sequence has been inserted in m e m o r y  then the posit i o n  data is p r o ­
cessed to plot the phase plane.
4 -C Zer o  Slope Isocline
In addition to the trajec t o r i e s  in the phase p o r t r a i t  there is 
another set o f  c urves w h i c h  can be drawn to provide informatio n about  
the trajectories, w h i c h  a re known as isoclines. All t r ajectori es 
crossing a given isoc l i n e  curve cross it w i t h  a fixed slope, thus 
isoclines are curves of c o n s t a n t  t r a j e c t o r y  slope. These isoclines 
can be used to plot a series of t r a j e ctori es in the phase plane by 
hand so they are of l ittle inte r e s t  since the c o m p u t e r  will be used to 
plot the trajectories. However, there is a par t i c u l a r  isoc l i n e  wh i c h
will provide insight into m o t o r  behavior. This is c alled the zero 
slope isocline (ZSI) and all tr a j e c t o r i e s  cross it W i t h  a slope of 
zero. Thus, in the phase plane all points on the zero slope isocline
means that the m o t o r  has zero ac c e l e r a t i o n  at that point. This isocline
can be det e r m i n e d  e a s i l y  by n oting that the slope of any t r a j e c t o r y  at 
any point in the plane is d e f ined as
S - §  (IV-5)
This can be expa n d e d  as follows:
= S (IV-6)
do
de _ dr _ 0 
do de '
dx 0
In the top half plane w h e r e  0 > 0, wh e n  S > 0 the m o t o r  is ac c e l e r a t i n g  
when S < 0 its v e l o c i t y  is decreasing. By s u b s t i t u t i n g  the e q u i v a l e n t  
expressions from e q u a t i o n  I I 1-37 this becomes, for 0 > 0:
—  —  • 9
" -T, - T .  - sin© - e[2c + ysin 0]
S = e = _J=-- 1-----------------  (IV-7)
• • * #
0 0
For the zero slope isocline, S = 0 and equa t i o n  10-7 can be 
solved for 0 in terms o f  0 along the isocl i n e  to p r o vide an equation 
for this isocline.
-?. - ?.p - sine
e =- - - --- 1-- *- - -  (IV-8)
2 t, + ysin 0
Since at 0 = 0 the stic t i o n  te r m  w o u l d  be present, this relation is 
not valid w h e r e  0 = 0. Figure IV-6 is a phase plane p o r t r a i t  w i t h  the 
zero slope isocline p l o t t e d  for gamma = 0. It can be shown that 
inside the area b o u n d e d  by the angle 0 axis and the zero slope isocline 
all trajectories m u s t  have a posi t i v e  slope S>0. Thus the zero slope 
isocline outlines the on l y  region in the top half plane in wh i c h  the 
mo t o r  m ay accelerate. In or d e r  to reach any speed, the m o t o r  m u s t
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accelerate. To m a i n t a i n  ar.y s t eady state speed, the m o t o r  m u s t  either 
have zero ac c e l e r a t i o n  between steps w h i c h  is imp o s s i b l e  for s t eady 
state stepping m o t o r  operation, or it m u s t  a c c e l e r a t e  d uring part of 
the time and d e c e l e r a t e  for the rema i n d e r  of the time between steps.
For these reasons, w h e n  the m o t o r  is stepp i n g  at a c o n s t a n t  step rate 
and a f t e r  the start up t r a n s i e n t  is over, the m o t o r  t r a j e c t o r y  must 
pass through the zero slope isocline between each step.
F o r  the n o n - z e r o  gamma case, that is to include the effects of 
the BEMF voltage, the zero slope isocline is altered. S i n c e  the BEMF 
voltage increases wi t h  speed the m a j o r  effects o c c u r  at high speeds 
and will tend to limit the high speed c u r r e n t  in the stator.
Figure IV-7 shows the zero slope isocline for non-z e r o  gamma, note the
effect of lowering the ZSI, e s p e c i a l l y  at minus ir/2 w h e r e  BEMF is a maximum.
When using a voltage d r i v e  for high speed per f o r m a n c e  one mus t  try to
m inimize the BEMF effects for the best performance.
It is also possi b l e  to find the m a x i m u m  speed that the m o t o r  
m ay a t tain by finding the top o f  the zero slope isocline. A b o v e  this 
point all trajectori es m u s t  have a n e g a t i v e  slope and hence the m o t o r  
velocity can only diminish. Thus to m a i n t a i n  a n y  stepping sequence, 
part o f  the cycle m u s t  be w i t h i n  the zero slope isocline. Hence, the 
m a x imum slew speed m a y  be a p p r o x i m a t e d  by the peak o f  the zero slope
isocline. For the non-zero GAMMA cases this va l u e  is taken at minus
tt/2. If the friction torque, T^, is v a ried and the m a x i m u m  value of 
the zero slope isocline is p l o tted versus T^, for a given damping 
ratio x, and BEMF cons t a n t  y a res u l t i n g  t o r q u e - s l e w  speed cu r v e  is 
developed for a given m o t o r  and drive circuit. This is shown in 
Figure IV-8. T he shape of this curve is ve r y  s i m ilar to m a n u f a c t u r e r s
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pull-out curves. F i g u r e  IV-9 shows the peak o f  the zero slope isocline 
or the m a x i m u m  theoretical s l e wing speed versus d a m p i n g  ratio for a 
typical 90° PM stepping. This cu r v e  illustrates w h y  low d a m p i n g  is 
d e sirable s i n c e  m a x i m u m  s l e wing speed increases as e decreases.
F igure IV-10 shows the m a x i m u m  theoretical slewing speed versus y, the 
m o t o r  BEMF constant, f o r  a typical PM step p i n g  motor. As the drive
approaches a p e r f e c t  c u r r e n t  s o u r c e  the e f f e c t  o f  y is d i m i n i s h e d  so
that this als o  shows w h y  the s l e w i n g  speed will increase w h e n  the
m o t o r  is d r i v e n  fro m  a c u r r e n t  source.
It should be noted that the speed scale ^  m a x  is a d i m e nsion- 
less one. The actual m o t o r  speed can be c o m p u t e d  fro m  the fol l o w i n g  
definition s of the d i m e n s i o n l e s s  time scale and a n g l e  scale. From 
equations I I I -33 and I I I -36
de . d A  e = W  de 




de _ / K T V de _ u n deMotor Speed = g t  = /  37 = A ~  37 r a d i ans/se c (IV-10)
for m o t o r  speed in steps per second:
de 2
motor speed = - g -  = X  4 °  = &  S | | M .  ( I V - 1 1 )
s s
7T R fl
where eg = 2a  s tep ^o r  a ^our P^ase rootor*
T h e s e  e q uations a l l o w  the v e l o c i t y  scale o f  the d i m e n s i o n l e s s  phase 
planes to be c o n v e r t e d  back to actual m o t o r  speed. Using these, it 
can be shown that for no fric t i o n  or load and ignoring BEMF, the peak
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torque T ^  d i v i d e d  by the d a m ping c o n s t a n t  B equals the m a x i m u m  sl e w  
speed.
T he zero slope isocline gives a global picture o f  m o t o r  
a c c e l e r a t i o n  and m a x i m u m  speed r e s p o n s e  and is useful in d e t e r m i n g  
system limits for a given motor, drive, and load. S i n c e  m o t o r  damping, 
B, is v e r y  small, very high sle w  speeds are possible. However, wh e n  
the m o t o r  is con n e c t e d  to a mechanical d r i v e  and load wh i c h  has some 
damping, the slew speed will drop dramatical ly. This explains w h y  a 
m o t o r  and d r i v e  m a y  p e r f o r m  well in p r o t o t y p e  fo r m  w i t h  a simulated 
load inertia, but fail w h e n  the actual dr i v e  train is a t t a c h e d  which 
exerts some additional fric t i o n  and d a m ping loads on the motor.
T he zero slope isocline is a plot o f  instantane ous zero 
ac c e l e r a t i o n  points and in o r d e r  to e v a l u a t e  the true per f o r m a n c e  o f  a 
stepping m o t o r  one m u s t  find the a v e r a g e  torques a v a i l a b l e  in a step 
interval, wh i c h  is e q u i v a l e n t  to the a m o u n t  o f  w o r k  done in one step 
period. When the s t a t o r  does posi t i v e  w o r k  on the rotor, the m o t o r  
m us t  a c c e l e r a t e  and c o n v e r s e l y  for nega t i v e  w o r k  it mus t  sl o w  down.
Thus f or zero w o r k  over o ne step period, the m o t o r  m u s t  be in the 
steady st a t e  w i t h  a given a v e r a g e  v e l o c i t y  and a p a r t i c u l a r  lead 
angle.
4 -D Zero W o r k  Curve
T he speed limits for stepping m o tors ope r a t i n g  in the slewing 
mo d e  d epend to a large d e g r e e  upon the power a m p l i f e r  configuration. 
Many types o f  power amp l i f i e r s  hav e  be e n ^ d e v i s e d  to control the high 
speed o p e r a t i o n  o f  stepping m o t o r s  in the slewing mode. It seems 
g ene r a l l y  und e r s t o o d  that in o r d e r  to o btain highest p o s s i b l e  speeds
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the m o t o r  m u s t  be driven from a c u r r e n t  s ource and the load inertia 
mu s t  be minimized. B e yond this, analytical m odels for the high speed 
o p eration of the m o t o r  a re rare. The phase plane can be used to study 
s tepping motors and is e s p e c i a l l y  useful for low speed o p e r a t i o n  o f  
the m o t o r  at rates below the sta r t - s t o p  rate. A t  h i g h e r  rates with an 
voltage drive the c u r rent buildup in the w i n d i n g s  becomes a sig n i f i c a n t  
part o f  the on time of the winding. F u r t h e r  at very high speeds, 
current drives begin to be influenced by the BEMF v o l tage so that the 
effect o f  the c u r rent dr i v e  is reduced and it a p p roaches the b e h a v i o r  
of an voltage drive. T he zero slope isocline s howed regions o f  a c c e l ­
eration in the phase plane can be identified. In these regions of the 
ro t o r - s t a t o r  lead angle versus m o t o r  speed plane a m o t o r  can speed up 
under the influence of a given s t a t o r  phase. The boun d a r y  o f  these r e ­
gions is called the ze r o  slope isocline. It m i g h t  be used to identify 
the limits of high speed oper a t i o n  of the motor. However, even if the 
current buildup time w e r e  not a factor, the stepping m o t o r  is in­
fluenced by a given s t a t o r  phase for some portion o f  its a n g u l a r  
rotation. During the a c c e l e r a t i o n  m o d e  the rotor lags behind the 
zero point of the torque angle curve e s t a b l i s h e d  by the s tator phase. 
During the de c e l e r a t i o n  m o d e  it is ahead. In normal oper a t i o n  at 
high speeds the m o t o r  shifts back at each step instant relative to 
the torque angle curve e s t a b l i s h e d  by the s tator phases. This shifting  
is quite dif f e r e n t  from w h a t  one w o u l d  e x p e c t  from e x a m i n i n g  the 
beha v i o r  of a synchronou s motor. The per m a n e n t  m a g n e t  stepping m o t o r  
is identical in stru c t u r e  to a s y n c hronou s motor. However, in the 
case of a synchronous m o t o r  or a stepp i n g  m o t o r  wh i c h  is m i n i - stepp ing, 
the angle between the rotor and the zero point o f  the torque angle
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curve in the s t e a d y  s t a t e  does not shift back a nd forth, even at high 
speeds. This shifting in the s t e a d y - s t a t e  leads one to b e l ieve that 
an instaneous picture o f  stepping m o t o r  behavior such as one m i g h t  
o btain f r o m  the phase plane is not going to provide insight into the 
limits of high speed s t e a d y - s t a t e  behavior.
In o r d e r  to a d d r e s s  the high speed beha v i o r  o f  the motor, the 
following a p p r o a c h  will be developed: T h e  m o t o r  will be a s s u m e d  to
be t r aveling at a c o n s t a n t  speed. Then the currents that w o u l d  flo w  
in the s tator phases, w h e n  they are e n e r g i z e d  will be used to predict 
the torques w h i c h  infl u e n c e  the rotor. Using this a p proach, it will 
be possi b l e  to s h o w  that o p eration at high speeds is s t a b l e  only for 
a par t i c u l a r  lag a n g l e  o f  the ro t o r  rela t i v e  to the s tator phase 
being excited. A  plot o f  this lag angle versus speed known as the 
"zero w o r k  curve" will o u t l i n e  the high speed limits o f  the m o t o r  in 
the phase plane. The model will i n c lude the inductive e f f e c t s  o f  the 
stator phases as well as the BEMF. It is a logical e x t e n s i o n  from the 
phase plane to a m o r e  c o m p l e x  r e p r e s e n t a t i o n  for the m o t o r  that in­
cludes stator inductance.
Refering to f igure I V-11, the phase p l a n e  f or a given m o t o r  can 
be rep r e s e n t e d  as a series o f  res p o n s e s  to a given initial disturbance. 
Further, the plane can be t h o ught o f  as a plot o f  m o t o r  speed versus 
the lead an g l e  o f  the ro t o r  r e l a t i v e  to the zero point o f  the torque  
angle c u r v e  e s t a b l i s h e d  by the stator phase c u r rent and the rotor.
In this picture (shown in Figure IV-11) the solid lines r e p r e s e n t  t r a ­
jectories w h i c h  go t h r ough the u n s t a b l e  e q u i l i b r i u m  points of the 
motor. Th e s e  a re the points w h e r e  the m o t o r  will turn e i t h e r  c l o c k w i s e
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ACCELERATION REGION IN THE PHASE PLANE
or c o u n t e r c l o c k w i s e  upon a small disturbance. The solid curves r e ­
present b o u n d a r y  lines between the stable e q u i l b r i u m  points. If 
d uring the stepping process the m o t o r  wer e  to cross one o f  the solid 
curves, the s y s t e m  resp o n s e  w o u l d  proceed to a diff e r e n t  final position. 
The d otted lines r e present t r a j e ctori es for the m o t o r  and each dot 
represents a time dura t i o n  of a tenth of a d i m ensionl ess second. The 
shaded region o f  this phase plane, is b o u nded by a curve known as the 
zero slope isoline. The zero slope isocline is a curve on w h i c h  the 
r esponse t r a j e ctori es f or the m o t o r  have zero slope. Inside this 
curve the tr a j e c t o r i e s  have a positive slope and the m o t o r  is c a p able 
of a c c e lerati on, o u t s i d e  this curve, the trajec t o r i e s  have negative 
slope and the m o t o r  will slow down. The p a r t i c u l a r  m o t o r  rep r e s e n t e d  
here has a very large a m o u n t  o f  BEMF and a very small mechanical 
damping. This causes the ac c e l e r a t i o n  region to have horns on it.
From the phase plane analysis it is not cl e a r  w h e t h e r  the m o t o r  is 
c a p able o f  o p e r a t i n g  in these horns, and so there is some abig u i t y 
about the limits of high speed operation, even assuming that the 
c u r rent b u i l d u p  is very rapid. In c o n s t r u c t i n g  this phase plane, it has 
been a s s u m e d  that the c u r rent in the s t a t o r  wind i n g s  changes in s t a n e o u s l y  
upon switching. If the L/R time const a n t  o f  the m o t o r  is not small 
compared to the on time o f  the windings, this a s s u mption is not valid 
and the phase plane r e p r e s e n t a t i o n  will not be an ex a c t  representa tion. 
Furthermore, at a high speed there is a fixed path in the phase plane, 
which could be c a lled a limit cycle, that has along its b o t t o m  boun d a r y  
a horizontal line equal to step size and along its top b o u n d a r y  a 
trajectory. For a four phase m otor, full stepping for example, the 
horizontal d i s t a n c e  in the phase plane w o u l d  be 1.57 radians. To
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operate the m o t o r  at a given v e l o c i t y  part o f  the step cycle m u s t  be in 
the ac c e l e r a t i o n  region and in the de c e l e r a t i o n  region for the rest of 
the cycle, to y i e l d  an a v e rage zero acceleration. Hence m o t o r  operation 
is possible in the horns o f  the zero slope isocline, h o w e v e r  it is 
still not cl e a r  h ow fa s t  the m o t o r  is c a p able o f  operating.
In o r d e r  to st u d y  the p r o b l e m  let us a ssume that the m o t o r  is 
operating at a c o n s t a n t  speed gove r n e d  by equa t i o n  IV-12
Ae = to) (IV-12)
That is, the a n g u l a r  a c c e l e r a t i o n  of the rotor is zero. Un d e r  these 
circumstan ces let us then examine wha t  happens wh e n  a given s tator 
phase is turned on and the rotor moves with c o n s t a n t  velocity. During 
this time the zero o f  t o r q u e  angle curve e s t a b l i s h e d  by the s tator 
phase c u r rent will be c o n s t a n t  relative to the stator, but the rotor 
will mo v e  rela t i v e  to this t orque angle curve. To e x a mine this in 
more detail o b s e r v e  the c i r cuit for one of the s t a t o r  phases as shown 
in figure IV-12. In this c i r c u i t  it is a s s umed that the phase is 
driven by a s ource o f  v o l t a g e  V g con n e c t e d  by a switch which represents 
the power t r a n s i s t o r  c o n t r o l l i n g  the phase. The c i r cuit o f  this phase 
may include the phase r e s i s t a n c e  as well as a series r e s istance in the 
case of a L/R drive or a sensing r e s i stance in the case of a current 
drive, an inductance, and a BEMF g e n e r a t e d  by the relative m o t i o n  of 
the rotor and the s t a t o r  w h i c h  depends upon t h e i r  relative angles and 
the speed. If the switch w e r e  closed, a c u r rent wo u l d  flow in this 
circuit w h i c h  in turn w o u l d  cause a torque on the rotor. One m i g h t  
think of the s upply v o l t a g e  as prov i d i n g  a c u r r e n t  for rotation in a 
positive dire c t i o n  and the BEMF p roviding a voltage wh i c h  w o u l d  reduce 
this current or slow the m o t o r  down. Since the rotor speed is assumed
' m p — w v
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constant, one m i g h t  plot the current in the s tator phase versus the 
angle between the r o t o r  and the s t a t o r - e s t a b l i s h e d  t o r q u e - a n g l e  curve 
or phase c u r rent versus time. Either o f  these two scales can be used.
For example, suppose that the current in the s t a t o r  phase wh e n  it is 
e n ergized is plotted versus angle for various speeds. If the inductance 
in the c i r cuit is not a s s umed to be zero one can sho w  that the current 
in this on phase will be depe n d e n t  on BEMF, s upply v o l tage and the 
total c i r c u i t  impedance. Unless the drive has fly back diodes, and in 
the circuit shown in figure IV-12 this was not assumed, the currents 
in the s tator phase c annot go negative because o f  the power transisters. 
For this reason even at very high speeds there will not be negative 
currents flowing in the s t ator phases as will be p r edicted by the model. 
Figure IV-13 shows this variation of c u r rent w i t h  angle at various 
speeds. It indicates that the current in the on s t a t o r  phase can 
become mu c h  less than rated c u r rent at high speeds. The r e duction in 
the m a g n e t u d e  o f  the c u r rent depends upon speed and angle. One m ay 
also include in this model a variation of inductance and the inductance 
may be m a d e  equal to
L q  + L-j cos Ae (IV-13)
when this occurs there is a f u r t h e r  reduction in the current in the 
stator phase wit h  speed. This reduction extends ov e r  a w i d e r  rotor- 
stator angle m a k i n g  it more dif f i c u l t  f or the m o t o r  to o p e rate at 
these high speeds, however, it can be shown that a very large variation 
in stator inductance is nec e s s a r y  to cause a app r e c i a b l e  a mount of  
stator reduction. For example in figure I V-14 it was a s s umed that 
there was a 100% v a riation in s tator inductance. C o m p a r i n g  this to 
figure IV-13, the basic amplitudes of the currents at each speed are
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similar, but the shape o f  the curves varies slightly and there is some
phase lag in the case o f  the varia b l e  inductance.
In figures IV-13 and I V - 14 a s teady state speed was a s s u m e d  
and the c u r r e n t  was p l o tted o v e r  360 degrees around the zero t o rque 
position o f  the rotor. In practice, when full stepping the s t ator 
phase is only on through 90 electrical degrees for each step. At the 
instant of the step c o m m a n d  one m u s t  a s s u m e  or know the lead angle 
of the rotor and the speed. Thus the speed determines the curve in 
figure IV-13 o r  I V-14 w h i c h  applies and the lead angle d e t e r m i n e s  
when the i n ductive b u i l d u p  to that curve starts and wh i c h  p o r tion o f  
that curve is valid d u r i n g  s t eady state conditions.
If a m o t o r  is o p e r a t e d  at a fixed speed and the c u r rent in the 
on s tator phases is m e a s u r e d  and d i s p l a y e d  as a function o f  time it is
possible to show the e f f ects of speed upon s tator c u r r e n t  for an L/R
drive. F i gure I V-15 shows this at a low speed and high speed for a 
given m o t o r - d r i v e  combination. Also shown are the comp u t e d  currents  
based on the model d e s c r i b e d  above. At low speeds there is an initial 
stator c u r r e n t  buildup in the w i n d i n g s  due to inductance. It is 
as s umed in this drive that the s t a t o r  phase has no flyback diodes and 
t u r n o f f  o f  the c u r rent to the w i n d i n g s  is almost instantaneous.
At high speeds (shown in figure IV-15 b ) the current b u i ldup occup i e s  a 
longer portion of the on tim e  o f  the w i n d i n g  and there is a serious 
reduction in the c u r r e n t  t h r ough the w i n d i n g  by virture of the voltage 
generated by the BEMF. C o n s e q u e n t l y  figures I V-15 (a and b) illustrate 
very gr a p h i c a l l y  w h y  the BEMF and inductance limit the high speed 
current avai l a b l e  to the motor. In o r d e r  to study this e ffect in 
m o r e  detail a m athematic al model will be built to e x a mine m o t o r  
behavior.
-fc





CURRENT RISE TIME IN WINDINGS AT SLOW SPEEDS
n o *  e i m *  j m  u h h  .tan w r - t t . u e
i.tc
0.8S<
a.SS 0.04 0*00 0.08 0 .|0  0.|C  0.14
Ldnt
FIGURE IV-1SB 
CURRENT RISE TINE IN WINDINGS AT HIGH SPEEDS
128
Refering to f igure I V-12 the s t a t o r  circuit, a loop equation  
can be w r i t t e n  to r e s u l t  in equation IV-14.
V s " RT 1 “ L H F  + Kb ® sin Ae = 0 (IV-14)
Equation IV-14 is valid for both an L/R drive and a c u r rent drive at
high speeds w h e r e  the d i f f e r e n c e  between V g the m o t o r  s upply voltage 
and the BEM F  limits c u r r e n t  to be less than rated current. In solving 
the equations for the c u r r e n t  drive case, one mu s t  r e cognize that the 
current will be l i m i t e d  to the rated c u r r e n t  spe c i f i e d  by the drive.
First define the o v e r - v o l t a g e  ratio, N, as the ratio of supply voltage 
to m o t o r  rated voltage, the voltage that wo u l d  be placed on the m o t o r  
for the e q u i v a l e n t  c u r r e n t  in a v o l tage drive.
In o r d e r  to r educe the n umber of parameters in e q u a t i o n  IV-14 
several de f i n a t i o n s  a re made:
Ae = g,t = u) t and 0 = —n a)
V S V R _ iW = _~L T = T = J_
V R R RT !R
Lai K. to, _ n _ b n
J0 r t » Y AVr 
S ubstituti ng these d i m e n s i o n l e s s  parameters into the equa t i o n  for the 
stator c i r c u i t  and s o l ving for the rate of c hange o f  s t a t o r  current  
one obtains e q u a t i o n  IV-15
d l  = 1 _  [N + Y 0 SinQ T _ j] (IV-15)
Further it can be shown that because m o t o r  speed is constant, angle and 
time can be related.
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de = 0dr (IV-16)
D oing this allows one to w r i t e  the differential equa t i o n  of 
terms o f  angle rather than time as shown below.
the m o t o r  in full steps per second, wh e r e  p is the n u m b e r  of stator 
phases. Furthermore, knowing the c u r rent it is poss i b l e  to compute the 
instanteous t orque due to the s t a t o r  current. This can be done from 
equation IV-18, w h e r e  is the torque a vailable for accelerati on, 
over and above the d a m ping and friction torques n e eded to keep the 
m o t o r  in rotation.
is possible to wr i t e  this e q u a t i o n  in d i m e n s i o n l e s s  for m  also, wh e r e 
is the ratio o f  the peak o f  the instaneous torque avai l a b l e  for 
accelerati on d i v ided by the peak o f  the t orque angle curve.
If this torque is p o s i t i v e  then the m o t o r  can accelerate. If 
it is nega t i v e  then it m u s t  decelerate. Using these e q uations and a 
c omputer it is possible to solve for I versus angle and versus 
angle. The results o f  this com p u t a t i o n  are shown in figure IV-16. In 
the current versus angle curve, whe n  the m o t o r  is ope r a t i n g  at low 
speeds there is very l ittle r e duction in the c u r rent ove r  w h a t  one 
might expect to see if the m o t o r  had no inductance and no BEMF.
( IV— 17)
It should also be noted that e x P x x y -  is the speed ofn £ tt
T^ = - K yisinAe -Be - Ty ( IV-18)
by defining
* Y 2 A K y I R
B“ n
Ta  = - I sin 0 - 2 £0 - Ty (IV-19)
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C o r r e s p o n d i n g l y  the t orque curve is posit i v e  for part o f  each cycle 
of the on time and n e g a t i v e  for the rest. If one examines the area 
under this curve, that is t orque times angle int e g r a t e d  ov e r  the on 
time of the s t a t o r  phase, the r esult is the w o r k  done by the s tator 
phase on the rotor d uring the p eriod in wh i c h  it is on. This n u mber 
has great significance. If this w o r k  is posi t i v e  then the rotor 
a c c e l e r a t e d  d uring this on period, if it is n e g a t i v e  then the rotor 
decelerated. In Figure I V - 17 the same sort o f  p i c ture is d e v e l o p e d  for a 
much h i gher speed w h e r e  the m o t o r  c u r rent is p l o tted versus angle at 
a p a r t i c u l a r  turn on angle and the c o r r e s p o n d i n g  t orque is plotted 
versus angle. In this cas e  the area un d e r  the torque curve is nega t i v e  
and the m o t o r  w o u l d  d e c e l e r a t e  at this "turn on" angle for this 
o perating speed. Conseq u e n t l y ,  at any given o p e r a t i n g  speed it is 
possible to vary the "turn on" angle o f  the s t a t o r  phase and e x a m i n e  
the area under the t o r q u e  angle curve to d e t e r m i n e  if the w o r k  done 
by that s t a t o r  phase, w h e n  t u r n e d  on at that p a r t i c u l a r  angle, is a 
positive or negative number. If the area un d e r  the t orque curve is 
zero then the m o t o r  will u n d ergo no net a c c e l e r a t i o n  w h i l e  the phase 
is on. In f igure I V-18 shows the torque versus angle curve for several 
"turn on" angles at a given speed. As the turn on angle varies, the 
amount o f  t orque a v a i l a b l e  also varies and the area u n d e r  the torque 
angle curve changes. As can be seen fr o m  figure I V - 18 it is poss i b l e  to 
vary the torque angle curve fro m  -1.5 radians -.5 radians and go from 
a positive w o r k  e x e r t e d  on the rotor to n e g a t i v e  work. In this way 
it is possible to find the ze r o  w o r k  "turn on" angle w h e r e  the m o t o r  
can o p e rate in the s t e a d y  state. This then allows one to det e r m i n e  
the s t e a d y  state "turn on" angle for any given speed, which is the
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angle of ro t o r  relative to zero torque point o f  the torque angle curve 
a fter w i n d i n g  is o n . If this process is con t i n u e d  for various speeds, 
a zero w o r k  curve can be found w h i c h  is shown in f i g u r e  IV-19. Also 
plotted in figure IV-19 is the zero slope isocline for the same m o t o r  
assuming that the i n ductive time constant is zero. T he zero work 
curve represents the curve o f  initial turn on angles versus speed for 
a given motor. The peak of this zero w o r k  curve defines the m a x i m u m  
speed at w h i c h  the m o t o r  can operate. Als o  it shows that it is not 
possible for the m o t o r  to o p e rate at speeds wh i c h  are in the right 
horn of the zero slope isocline. This is an i m portant conclusion. It
can be shown in the phase plane that there are two sets o f  possible 
limit cycles for the m o t o r  a round each horn and this zero wor k  curve 
indicates that only one of these is stable. Furthermore, b eyond the 
peak of the ze r o  wo r k  curve it does not a p p e a r  poss i b l e  to o p e rate the 
m o t o r  in a s table manner. In or d e r  to verify this c o n cept the turn on 
angle was m e a s u r e d  for a motor, driven by a L/R drive, ope r a t i n g  at 
several speeds. This data was plotted on the c a l c u l a t e d  zero work 
curve, shown as X is on figure IV-20. 10 radians per dimens i o n l e s s
second, the m o t o r  lag angle sudd e n l y  shifts as m o t o r  step rate is 
increased gradually, this will cause a tran s i e n t  in m o t o r  o p eration 
lag angle. Als o  the m o t o r  o p e r a t i o n  shifts from a limit cycle on the 
right side of the zero slope isocline to one on the left side. It is 
quite possible that this sudden shift in lag angle w i t h  speed is 
related to the mid f r e q u e n c y  resonance p r o blem because there is a 
transient in m o t o r  ope r a t i o n  at this point. It can also be shown that 
this is the point at w h i c h  the BEMF starts to mak e  the current zero in 
the s tator phase d uring some portion o f  the s t a t o r  phase on time.
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F igure IV-21 is a s u m m a r y  o f  the zero w o r k  curve and ZSI in the 
speed versus angle plane for this motor. Inside the zero w o r k  curve, 
the work done by the s t a t o r  phase on the rotor d u r i n g  the on time is 
positive, o u t s i d e  the zero w o r k  c u r v e  it is negative. Consequent ly, 
if the "turn on" angle for the m o t o r  at a given speed is inside the 
zero w o r k  curve, the rotor will speed up due to the positive w o r k  done 
on it d uring each on time. This will cause the r o t o r - s t a t o r  angle to 
increase and m o v e  the m o t o r  ro t o r  "turn on" angle to the right towards 
the zero w o r k  curve. If the m o t o r  is o u t s i d e  the zero wo r k  curve, 
it will sl o w  down and the r o t o r - s t a t o r  angle will d e c r e a s e  causing  
the m o t o r  to m o v e  to the left. This means then that the zero wo r k  
curve is stable along its right hand boun d a r y  but unstable along its 
left hand boundary. T h e r e f o r e  there is onl y  one set of stable limit 
cycles for the m o t o r  in the phase plane and that set lies along the 
right hand b o u n d a r y  of the ze r o  w o r k  curve. As the m o t o r  operates at 
h igher and h i g h e r  speeds there is a s m a l l e r  range o f  "turn on" angles 
for wh i c h  there is p o s i t i v e  wo r k  done on the motor. This m u s t  mean 
then, it is m u c h  m o r e  d i f f i c u l t  to o p e r a t e  the m o t o r  at h igher and 
higher speeds. Also it is muc h  m o r e  s e n s i t i v e  to a dis t u r b a n c e  which  
would cause the r o t o r - s t a t o r  angle to cross the left side o f  the ZWC and 
become unst a b l e  or lose syncronism. When the s upply voltage is no 
longer large e nough to over c o m e  the BEMF and control s t a t o r  currents, 
the c u r rent dr i v e  will e v e n t u a l l y  look very muc h  like an L/R drive. 
However, as long as the c u r rent drive m a i n t a i n s  continuous control 
over s tator current, it is possible to o p e rate the m o t o r  at high 
speeds and m a x i m u m  sp e e d  will be l i m ited on l y  by m o t o r  and load damping 
and friction.
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In a current a m p l i f i e r  the m o s t  important p a r a m e t e r  is the supply 
voltage or the o v e r d r i v e  ratio, N. As N is increased two benefits are 
acquired, first the c u r r e n t  rise time due to i n d u ctance is m i n i m i z e d  
because in an L/R dr i v e  R m u s t  also be increased to limit c u r r e n t  and 
secondly the effect o f  BEMF is less. Figure IV-22 is a series o f  ZWC curves 
that wer e  g e nerated by increasing the o v erdrive ratio N. The first curve,
N = 1, r epresenti ng the m o t o r  o p e r a t i n g  at rated voltage. From figure 
IV-22 the a d v a n t a g e  o f  increasing the ove r d r i v e  voltage can be seen as 
higher ope r a t i n g  speeds.
Lastly, the d a m p i n g  ratio of the m o t o r  or the m e a s u r e  of 
mechanical damping has an e f f e c t  on the zero wor k  curve. In general 
higher d a m ping will lo w e r  the ze r o  w o r k  curve, see figure IV-23. In 
lowering the zero w o r k  curve the d a m ping then causes the m a x i m u m  
speed o f  the m o t o r  to diminish. The same sort of e f f e c t  m i g h t  be 
expected fr o m  friction. As y and L/R become smaller, the e ffect of 
damping and friction is m o r e  pronounced.
In summary, the high speed b e h a v i o r  o f  the stepp i n g  m o t o r  is 
determined almost e n t i r e l y  by its BEMF and its L/R time c o n s t a n t  for 
an L/R drive. If the m o t o r  is o p e r a t e d  from a c u r rent drive then 
high speed beha v i o r  is d e t e r m i n e d  by the damping and friction o f  the 
mo t o r  as long as the o v e r d r i v e  voltage ratio is s u f f i c i e n t l y  high. If 
the L/R time const a n t  o f  the m o t o r  is small or a c u r r e n t  drive is 
used, it is possible to use the phase plane to represent the motor.
The zero slope isocline in this case defines a region w h e r e  the m o t o r  
can accelerate, but since each s t a t o r  phase is on for a fixed period 
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the phase plane w h a t  the actual m a x i m u m  speed is. By assuming that 
the m o t o r  is o p e r a t e d  at a c o n s t a n t  speed and exa m i n i n g  m o t o r  b e h a v i o r  
for the s t a t o r  phase on time it is poss i b l e  to show the speed limitation s 
of the motor. A c u r r e n t  flows in the w i n d i n g  wh e n  a given phase is
on and this causes a torque. If this torque is integrated o v e r  the on
time, the a mount o f  w o r k  done by the s t a t o r  phase on the rotor 
during the p eriod whe n  that s t a t o r  is on can be found. If this w o r k
is positive the m o t o r  will a c c e l e r a t e  and the angle between the rotor
and the s t ator e s t a b l i s h e d  t o r q u e - a n g l e  curve will decrease. If the 
work is nega t i v e  the lag angle will increase. Hence, if the w o r k  is 
zero the m o t o r  can be a s s u m e d  to be in the steady state. This zero 
work point can be d e t e r m i n e d  at any given speed. It can be plotted 
versus speed and angle. This curve also shows the speed limitation 
of the m o t o r  as its peak represents the m a x i m u m  speed at which the 
mo t o r  can operate. It can be shown that wit h  a current drive this 
m a x i m u m  speed is only l i m ited by the d a m ping and friction o f  the 
motor, but wit h  an L/R drive it is d e p e n d e n t  upon the L/R time 
constant of the m o t o r  and the BEMF. The l a r g e r  that these two numbers 
are, the s m a l l e r  will be the peak of the zero work curve and the 
lower will be m a x i m u m  o p e r a t i n g  speed of the motor. This approach 
can be used to study m o t o r s  wit h  one or two w i n d i n g s  on. It can be 
extended to deal w i t h  m o t o r s  having flyback diodes. It can be used 
to d etermine the s t e a d y - s t a t e  high speed b e h a v i o r  o f  a mo t o r - d r i v e -  
load combination. It w o u l d  se e m  quite useful to use this approach to 
evaluate the e f fect of a given drive upon the high speed beha v i o r  o f  a 
given m o t o r  and load. Since this approach is based on the steady- 
state b e h a v i o r  of the m o t o r ,  it highlights the fact that m a x i m u m  m o t o r  
speed is independen t o f  inertia.
CHAPTER V
MO D E S  OF FAILURE 
5-A Introduction
There are five m a i n  modes o f  failure for any stepping motor.
In each mo d e  the only m e c h a n i s m  of f a i lure is the c r o s s i n g  o f  a 
separatrix. Once a m o t o r  has crossed a sep a r a t r i x  to the left o f  its 
e q u i libriu m position d uring step p i n g  and it is being stepping in a 
positive direction, it will fail unless a n o t h e r  step in the oppo s i t e  
direction brings in back across the separatrix. Thus failure occurs 
because all su b s e q u e n t  steps in the positive d irection mov e  the path 
of the m o t o r  in the phase plane f u r t h e r  to the left. Only by appl y i n g  
a step c o m mand in the n e g a t i v e  dir e c t i o n  at the c o r rect time can the 
motor be brought back so that it will spiral into the d e s ired singularity. 
Since during a positive d i r e c t i o n  step p i n g  sequ e n c e  this is not practical, 
failure will be assured. It s hould be noted that if feed b a c k  wer e  
used to d etect the o c c u r r e n c e  of this type o f  failure, a negative, 
then positive step pair could be d e v i s e d  to prevent failure. Failures 
can also occur by crossing a s e p a r a t r i x  to the right o f  the e q u i l i b r i u m  
position during a positive step sequence, but in this case the m o t o r  
may not fail because a n o t h e r  positive step in the sequ e n c e  m a y  bring 
it back across the separatrix.
Based on this o b s e r vatio n, the m o t o r  can fail during a 
positive step sequence by:
1. Losing steps at a stepp i n g  f r equency close to its
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natural f r e q u e n c y  or at some s u b m u l t i p l e  of that 
f r e q u e n c y  because it crosses a sep a r a t r i x  to the left of 
the d e s i r e d  e q u i l i b r i u m  position;
2. Losing steps at a step p i n g  f r e q u e n c y  too high for it to
f o l l o w  so that it falls back across a se p a r a t r i x  during 
startup.
3. G a i n i n g  steps if the m o t o r  step sequence is h alted when
it is to the right o f  the s e p a r a t r i x  passing through
0 = TT, 3ir, 5 tt ....
4. Losing steps if, w h e n  the m o t o r  is slewing, it fails to 
remain in the zero w o r k  curve region (the only region 
w h e r e  the m o t o r  m a y  a ccelerate ), in w h i c h  case, the 
m o t o r  m u s t  dec l e r a t e  and falls back across one o r  more 
separatric es;
5. R u n ning b a ckwards due to a unidirectional load if the
t r a j e c t o r y  is in an area w h i c h  leads to no finite 
singularity.
5-B F a i l u r e  at the Natural Frequency
F igure V-l shows a failure w h e n  step p i n g  at the natural f r equency 
of the motor. When the m o t o r  is s t e pped at or nea r  its natural frequency, 
the t r a j ectory ma k e s  a l m o s t  one c o m p l e t e  r e v o lution or cycle between 
step commands. Since the d a m ping ratio for mos t  m o t o r s  is very low, 
its a m plitude does not decre a s e  a p p r e c i a b l y  between steps. Thus when 
stepped again, the t r a j e c t o r y  shifts even c l o s e r  to the left separatrix.
In the case shown in F i g u r e  V-l, when it is stepped the third time, it 
crosses the s e p a r a t r i x  to the left and m o v e s  to the s i n g u l a r i t y  to the
Failure at Natural Frequency 
Figure V-l
- 1-
Failure at Half the Natural Frequency 
Figure V-2
left. The m o t o r  has bee n  asked to e x e c u t e  three steps, however, it 
has lost one comp l e t e  singularit y. Si n c e  the step size for a four 
phase s t e pper is |r, the final position is four steps behind the d e s ired 
position. So instead o f  m o v i n g  f o r w a r d  3 steps it has m o v e d  backwards 
one step. A t  low d a m p i n g  ratios, for step periods, T , which are 
multiples o f  2 tt, the m o t o r  can lose steps. The basic m e t h o d  o f  failure 
is the same at lo w e r  frequencies. Figure V-2 shows a f a i lure at 1/2 
the m o t o r  natural frequency. It s hould be no t e d  that if the d a m ping 
ratio, s, is high enough, then the m o t o r  a m p l i t u d e  d ecreases enough 
each cycle of its o s c i l l a t i o n  so that it c annot lose steps at its 
natural frequency. Thus for s a t i s f a c t o r y  o p e r a t i o n  at its natural 
frequency, m o t o r  d a m p i n g  s hould be increased.
W hen o p e r a t i n g  n e a r  the natural f r e q u e n c y  of the motor, a 
sequence one m i g h t  ask the m o t o r  to e x e cute is one in wh i c h  the m o t o r  
is asked to switch on zero velo c i t y  e v e r y t i m e  it has mad e  one c o m p l e t e  
cycle in the phase plane. For a given damping ratio and friction, 
there will be a step size b e l o w  w h i c h  the m o t o r  cannot slide back 
across the s e p a r a t r i x  and fail u n d e r  these circumstances. Since m o tors 
can be half s t e p p e d  or possess an odd n u m b e r  of phases or be m i c r o ­
stepped to reduce step size, the e f f e c t  of these strategies on low 
frequency r e sonance will be explored. This is a test sequence that 
one might ask the m o t o r  to e x e c u t e  at or nea r  its resonant frequency. 
Figures V-3 and V-4 show two step sequences, one w h i c h  was executed 
correctly and a n o t h e r  th a t  f ailed to e x e c u t e  this step p i n g  sequence.
If a fixed period s e q u e n c e  o f  pulses at or n e a r  the resonant freq u e n c y  
is applied to the m otor, it will, in general, fail e a s i e r  than it will 
for this p a r t i c u l a r  s e q u e n c e  b e c a u s e  o f  the velo c i t y  t r a n s i e n t  that
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occurs during the s t e p p i n g  process. However, this s e q u e n c e  can be used 
to e x p lore the e f f e c t  o f  step size on low f r e q u e n c y  resonace.
A n y  given m o t o r  d a m p i n g  ratio is a function o f  the mechanical 
d amping in the system, ?, the peak o f  the torque an g l e  curve, T , the 
period o f  the t orque a n g l e  curve, A, and the rotor and load inertia,
J. It is possible to find the largest step size for w h i c h  the m o t o r  
can e x e cute the test ste p  sequ e n c e  nea r  the reson a n t  f r e q u e n c y  w i t h o u t  
failing for a p a r t i c u l a r  d a m ping ratio. Since the d a m ping ratio is 
d e pendent on load inertia, it is f u r t h e r  poss i b l e  to rep r e s e n t  the 
total s ystem inertia al o n g  the d a m ping scale. T he sim u l a t i o n  results 
can be plotted as shown in Figure V-5, w h i c h  de m o n s t r a t e s  that the 
smaller the damping ratio, w h i c h  cor r e s p o n d s  to larger inertia loads, 
the smaller m u s t  be the step size before a f a i l u r e  will oc c u r  at the 
resonant frequency. A l s o  shown on this plot are the step sizes that 
would occur for a three, four, and five phase s t e p p e r  o p e r a t i n g  at 
full, one-half, and o n e - q u a r t e r  step modes. Clearly, the s m a l l e r  the 
step size, the larger the inertia that the m o t o r  can d r i v e  w i t h o u t  
failure. This shows the a d v a n t a g e  of stepping in small steps, such as 
one m i g h t  a c c o mplish w i t h  m i c r o - s t e p p i n g  or by using a m o t o r  w i t h  a 
large n umber of stator phases. However, this p a r ticular plot was 
developed assuming th a t  the torque angle cu r v e  was c o n s t a n t  for every 
step. In the case of t he four phase stepper, there are large variations  
in the torque an g l e  c u r v e  between steps for half-stepping. W h e n  this 
occurs, the chances of the m o t o r  failing at its reson a n t  fre q u e n c y  
greatly increase, this is shown in Figure V - 6. Figure V - 6 shows a 
step sequ e n c e  for a fou r  phase m o t o r  w h i c h  is h a l f - stepp ed at a fixed 
period. Note that two d i f f e r e n t  phase planes are used to d e v e l o p  this
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step sequence. In the cas e  o f  the f i v e - p h a s e  stepper, half stepping 
can be a c c o m p l i s h e d  w i t h  equal t o r q u e - a n g l e  curves b e t ween steps.
Thus the tra n s i e n t  b e h a v i o r  of the five phase m o t o r  d u r i n g  half s t e p ­
ping is not a o s c i l l a t o r y  as t he fou r  phase motor, see f i g u r e  V - 7. 
Figure V-8 shows m o r e  real i s t i c  values f or step p i n g  at the natural 
f r e q u e n c y  at a fixed p eriod for the fo u r  and five phase motors, full 
and half step p i n g  and a c c o u n t i n g  for the vari a t i o n  in t orque comp a r e d  
to the c u r v e  o f  f i g u r e  V - 5  for the a s s u m e d  test sequence. N o t i c e  
that w i t h  the five phase m o t o r  in the half stepping m o d e  one can 
operate w i t h  a larger inertia w i t h o u t  f a i l u r e  than even the zero 
v e l o c i t y  swit c h i n g  cas e  of f i gure V-5. When half stepping a four 
phase motor, f a i l u r e  o c c u r s  w i t h  m u c h  less inertia. This de m o n s t r a t e s  
further the m a j o r  a d v a n t a g e s  w h i c h  o c c u r  w h e n  it is possi b l e  to step a 
m o t o r  t h r ough small steps and wh e n  it is possi b l e  to keep the torque 
angle c u r v e  n e a r l y  c o n s t a n t  in e x e c u t i n g  these steps. Thus, a five 
phase s t e pper offers the f o l l o w i n g  adv a n t a g e s  wh e n  s t e p p i n g  near the 
natural frequency:
1. S m a l l e r  st e p  sizes a re p o s s i b l e  w i t h o u t  e x e r c i s i n g  continuous 
control ov e r  s t a t o r  current, that is, micro - s t e p p i n g .
2. The vari a t i o n  in the peak t o rque o f  the torque a n g l e  curve 
is smaller w i t h  a fiv e  phase s t e pper because a larger n u m b e r  of phases 
can be e x c ited and still get half-stepp ing, q u a r t e r - s t e p p i n g  and 
e ighth stepping sequences.
3. W i t h  t h e s e  small step sizes, it is poss i b l e  to d r i v e  mu c h  
higher inertia loads w i t h  the step p i n g  m o t o r  w i t h o u t  f a i l u r e  at rates 
at or nea r  the natural frequency.
The e f fect of f r i c t i o n  is s i m i l a r  to that of damping, in that
ZETA = .8048 TF = .8080 GAMMA = .0838 
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the higher the s ystem friction the less likely failure will oc c u r  at 
the natural frequency. The d i s a d v a n t a g e  of this, is that the static 
a ccuracy o f  the s y s t e m  will decre a s e  wit h  i n c r easing friction.
5-C S t a r t - S t o p  Rate Failures
If the stepping m o t o r  is oper a t e d  at a fixed period step rate, 
then there will be a m a x i m u m  rate which the m o t o r  will be able to e x e cute 
before failure will occur. F i gure V-9 illustrate s a fixed period 
stepping rate that was too fast for this s y s t e m  to execute. Failure 
occurs because the left sepat r i x  is c r o ssed and the m o t o r  deaccelerates. 
This s e quenced m a y  be c o n t i n u e d  but the m o t o r  will c o n t i n u a l l y  cross 
separatrix af t e r  separatrix. The m o t o r  velo c i t y  will be very erratic in 
this mode.
The sta r t - s t o p  rate o f  a stepping m o t o r  is usually defined as 
the m a x i m u m  cons t a n t  f r e q u e n c y  step sequence that the m o t o r  can execute 
from a standstill to full speed and then a compl e t e  stop w i t h o u t  
failure. The s t a r t - s t o p  rate depends on friction torque and inertia 
and is presented as a f amily of curves on a plot of friction torque 
versus stepping rate, s o metimes several curves are presented, each 
representing a d i f f e r e n t  value o f  external inerta Figure V-10. This is 
sometimes called a pull-in curve. In addition, this curve is s p ecified 
for a long sequence o f  s t e p s , because for low values o f  damping ratio 
C, the m o t o r  will gain steps for some sequences c o n s isting o f  a small 
n umber of steps. This is due to the long t r a n s i e n t  that occurs during 
start-up, before the m o t o r  reaches its s teady state speed. Furthermore, 
these curves are often m e a s u r e d  w i t h  v o l tage drives, the details of 
which are not always s p e c i f i e d  in the data sheets. Since m o s t  users
Fa i lure Due to Rapid S t e p p i n g  Rate 
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develop their own d r i v e r  amp l i f i e r s  and m a y  use c u r r e n t  drives, it is 
d i fficult to use these curves. Thus these curves are useful if used 
o nly as a rough b o u n d a r y  for long step sequences and then onl y  if the 
same d river is used. A p r o b l e m  e n c o u n t e r e d  in using these curves is 
illustrated in Figure V - 11. C o n s i d e r  a step s e q u e n c e  w h i c h  for a 
large n u mber of steps the m o t o r  executes successfully.
F o r  a fixed p eriod step seque n c e  there will be a t r a n s i e n t  at 
the beginning o f  the s e q u e n c e  and then there will be a limit cycle 
which is being a p p r o a c h e d  in Figure V-lla. As long as this limit 
cycle lies be l o w  a separatrix , then the step s e q u e n c e  will be exec u t e d 
correctly for a large n u m b e r  o f  steps. The t r a n s i e n t  o f  the sequ e n c e  
does cross a se p a r a t r i x  and thus if the sequ e n c e  w e r e  t e r m i n a t e d  whe n  
above the sep a r a t r i x  a g a i ning o f  steps w o u l d  occur, see figure V-lib.
If a sequ e n c e  w a s  d e f i n e d  such that its t r a n s i e n t  r e s p o n s e  was 
always be l o w  the separatrix , then any step s e q u e n c e  r e g a rdless o f  size 
could be e x e c u t e d  at th a t  rate or below with the e x c e p t i o n  o f  stepping 
at the natural frequency. An e x a m p l e  o f  this is shown in figure V-12 
where the response af t e r  the third step lies j u s t  be l o w  the separatrix. 
If this rate is c a lled the no f a i lure rate, then the r e l a t i o n s h i p  
between this and the s t a r t - s t o p  rate can be shown, see figure V-13. 
Figure V-13 is a plot o f  the n o r m a l i z e d  s t e p p i n g  rates versus d a m p i n g  
ratio for zero friction. Note the large d i f f e r e n c e  b e t ween the start- 
stop and no- f a i l u r e  rate at small d a m ping ratios. Since fric t i o n  is 
also an important f a c t o r  in d e t e r m i n i n g  these rates, a f amily of 
curves can be m a d e  for various friction values, see f igure V - 14. One 
could go one step f u r t h e r  w i t h  this and plot the friction versus 
stepping rate for a given d a m ping ratio, this w o u l d  be r e p r e s e n t a t i v e
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of the m a n u f a c t u r e r s  s t a r t - s t o p  rate curves.
M o s t  m o t o r s  have very little mechanical damping, the d a m ping ratio, 
e is small, so that there is a long tran s i e n t  before reac h i n g  the steady- 
state in response to a step sequence of fixed frequency. B e c ause of  
this transient, the m o t o r  is found to gain steps for sequences of 
particular lengths if it is s t e pped nea r  its m a x i m u m  s t a r t - s t o p  speed.
If the stepping sequ e n c e  is terminated, the m o t o r  will f o l l o w  the 
trajectory to the stable e q u i l i b r i u m  point to the right o f  the d e s i r e d  
e q u i libriu m point. As the d a m p i n g  ratio increases, it becomes in­
creasingly d i f f i c u l t  to gain steps for fixed d u r a t i o n  step p i n g  sequences 
because the tra n s i e n t  in c oming up to speed is reduced.
R e ferring to Figure V-15 it is seen that the m o t o r  will reach 
a steady state path if e nough steps are called for. This path can be 
called a "limit cycle." It is d e f ined as any closed path that the 
motor r e p e atedly follows in the phase plane d uring stepping. The 
limit cycle has f or part of its path a stra i g h t  line of one step in 
length 0 . The rest of its path is a single trajectory. The m o t o r  
will only e x e cute this limit cycle if the step p eriod is constant, the 
load is c o n s t a n t  and the step p i n g  sequence duration is long enough for 
all transients to die out. For rates b e l o w  the sta r t - s t o p  rates these 
limit cycles will lie be l o w  the sep a r a t r i x  for the e q u i l i b r i u m  position 
thus when the sequence is t e r m i n a t e d  the m o t o r  will always return to 
the d e s ired position. The vertical size of the limit cycle indicates 
the speed ripple at any input step rate. Thus these li m i t  cycles 
provide insight into the s teady state const a n t  step period, T , 
operation o f  stepping motors.
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The m a n u f a c t u r e r ' s  s t a r t - s t o p  curves are an a p p r o x i m a t e  tool 
for design, if the s y s t e m  being d e s i g n e d  is s i m i l a r  to the test s ystem  
that the m a n u f a c t u r e r  used to r ecord the data. The phase plane w o u l d  
provide the same i n f o rmatio n in a mo r e  flex i b l e  w a y  and w o u l d  indicate 
situations w h e r e  steps w o u l d  be gained.
5-D S l e w  M o d e  B e h a v i o r
A stepping m o t o r  can be m a d e  to o p e r a t e  at speeds above the 
start-stop speed by s l o w l y  d e c r e a s i n g  the time between step commands, 
thus increasing the step p i n g  rate, m a k i n g  it p o s s i b l e  to o btain very 
high stepping rates. This is known as ramping or slewing. To o btain 
the curve o f  m a x i m u m  s l e wing speed versus frictional load torque, 
which is the m o s t  common curve given by the m a n u f a c t u r e r  (Figure V- 
16), the typical experimental m e t h o d  is to s l owly increase the step p i n g  
rate to slew the m o t o r  up to a fixed speed above the s t o p - s t a r t  speed 
and then grad u a l l y  increase the load until the m o t o r  fails. Care 
should be e x e r c i s e d  to m e a s u r e  the running load and not ju s t  static 
friction o r  stiction. This is c o m m o n l y  c a lled a pull - o u t  curve. 
However, these ope r a t i n g  c o n ditions are h a rdly typical o f  realistic 
load torque situations. In m o s t  a p p l i c a t i o n s  the m o t o r  is s u bjected 
to a c o n s t a n t  friction or v e l o c i t y  in d e p e n d e n t  load.
Furthermore, o p e r a t i n g  the m o t o r  above its s t a r t - s t o p  rate is 
risky at best. In this m o d e  the m o t o r  mu s t  be brought up to speed 
slowly to avoid sliding back across a separatrix. It m u s t  also be 
d e c e lerate d c a r e f u l l y  to avoid g a i ning steps. To run at high speeds 
it is n e c e s s a r y  for the m o t o r  and load damping to be small as was 
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separatrices m u s t  be c r o ssed to attain these high speeds. To avoid 
gaining steps on stop p i n g  the m o t o r  mus t  be nursed back across these 
separatrices.
Total system response is always a function o f  motor, load, and 
drive characteristics. If a true c u r r e n t  drive is used, the s y s t e m 
behavior becomes independen t of the drive (as long as the same n u mber 
of phases are ener g i z e d  wit h  the same drive current as was used to 
obtain the data). In this case, the s y s t e m  response will d epend on 
only the m o t o r  and load. However, the v a l i d i t y  of any drive's cons t a n t 
current cap a b i l i t y  is doubtful at high speeds because of BEMF. As 
shown by the zero slope isocline and the zero wor k  curve, the drive 
supply v o l tage is the limiting f actor in high speed behavior. Once 
BEMF voltage becomes of the o r d e r  of drive s u p p l y  voltage the constant 
current capabiliti es of c h o p p e r  amplifiers is lost and the a v ailable  
torque for ac c e l e r a t i o n  decreases.
Two problems are enc o u n t e r e d  wh e n  running step p i n g  m otors at
high speeds, the first is to s upply the n e c e s s a r y  current and the second
is to provide the c o r r e c t  ac c e l e r a t i o n  scheme to achieve high speed
rates. The m a x i m u m  speed of a given s y s t e m  can be d e t e r m i n e d  by the
zero work curve, see F igure V-17. Since at these high speeds there is
very little mechanical damping, it is possible for the m o t o r  to undergo
a disturbance, w h i c h  will cause the s y s t e m  to go unstable. M a n y  
(1 9 - 2 1)investigators^ 1 have c l a s s i f i e d  this f a i lure mode as the m i d ­
frequency resonance. The zero w o r k  curve m a y  provide insight into 
this failure mode. In figure V-17 the zero w o r k  curve for step p i n g  
mo t o r  s ystem wi t h  a low value o f  gamma is shown. If this s ystem w e r e  
operating at a speed of 10 and it wer e  asked to o p e rate at a speed
GAMMA- .0980 LRWN=* .0380ZETA= .00ISTF= .0300
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of 11 then a larger lead angle w o u l d  be called for. This w o u l d  a p p e a r  
as a d i s p l aceme nt d i s t u r b a n c e  to the s ystem and with s u f f i c i e n t l y  low 
damping, the s y s t e m  m a y  lose synchronism. In general the m o t o r  velo c i t y  
will o s cillate wit h  growing amplitude, until the m o t o r  c o m p l e t e l y  stalls. 
At speeds that are muc h  g r e a t e r  then the st a r t - s t o p  rate the m o t o r  c a n ­
not reaccelerate to speed and the rotor will be st a t i o n a r y  wi t h  the 
stator fields s w itching at some fre q u e n c y  given by the control system.
The permanent m a g n e t  can b ecome d e m a g n i t i z e d  in this process.
A n o t h e r  cause o f  ins t a b i l i t y  can arise from dynamic inbalance 
in either the load o r  motor. V a r i ations between phases can also c o n ­
tribute to instability. Since this can cause a periodic variation of 
torque, instabilit y can result in low damping situations.
5-E Unidirectional Loads
In Figure V-18, a f a i lure is shown for a three step sequence 
under a unidirectional load. If stepping is t e r m inated a f t e r  two 
steps, the m o t o r  executes both steps, but after three steps, the m o t o r  
is on a t r a j e c t o r y  w h i c h  leads to a sin g u l a r i t y  at -®. The m o t o r  thus 
travels backwards under influence of the load. It s hould be noted for 
C = .05 that this occurs for a d i m ensionl ess load torque as small as 
.14, or a t orque equal to 14% of the m a x i m u m  torque wh i c h  the m o t o r  is 
capable o f  opposing. The load is a s s umed to be a v e l o c i t y  independen t 
load. Typical of this w o u l d  be a s t e p p e r  called upon to lift a mass 
(a gravity load) wit h  a ball screw.
5-f Relation To M a n u f a c t u r e r s  Speci f i c a t i o n s
It is dif f i c u l t  for the m a n u f a c t u r e r  to supply the user with
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all the information needed. A  given m o t o r  m a y  have some o r  all o f  the 
following a p p l icatio n conditions. (Note the s u b s c r i p t  m  refers to 
motor parameters the s u b s c r i p t  L to load parameters.)
1. Ad d e d  load inertia (J = Jm  + J|_)
2. A d d e d  load fric t i o n  (T^ = T ^ m  + T.^)
3. A d d e d  load d a m p i n g  (B = Bm  + B^)
4. A d d e d  load s t i c t i o n  (Ts = T sm + T ^ )
5. Time varying load torques (T^ = (t))
6. V e l o c i t y  i n d e penden t load torques (T^ = constant)
7. Short s e quences at the s t a r t - s t o p  rate
8. Non c o n s t a n t  step sequ e n c e  periods, (t not constant)
9. Reversal sequences, forward and backward stepping
10. Sequences at m o t o r  and load reso n a n t  f requency (t = —  )
w n
or submultiples.
11. D r i v e r  am p l i f i e r s  o p e r a t i n g  at o t h e r  than rated c u r r e n t  or
v o l t a g e  a m p l i f i e r s  wi t h  large series resistors / Iratecj)
12. Repe a t e d  s equences o f  a fixed n u m b e r  o f  steps to be exec u t e d
in m i n i m u m  time.
All o f  these si t u a t i o n s  can be e x p l o r e d  by the phase plane 
method. To use the model, m o t o r  and load c h a r a c t e r i s t i c s  m u s t  be 
known so that the numbers wh i c h  c h a r a c t e r i z e  m o t o r  b e h a v i o r  can be 
determined. That is, for the PM m o t o r  the fol l o w i n g  di m e n s i o n l e s s  
parameters are needed:
As has been shown, these parameters can be m e a s u r e d  f or a 
given m o t o r  alone or s u p p l i e d  by the manufa c t u r e r .  For the given load 
situations:
+ T fL = T f
^s m  + ^sL = T s
Bm  + B L = B
J + J, = m  L J
A c t u a l
V
R,
Then the needed d i m e n s i o n l e s s  parameters can be c a l c u l a t e d  for the 
given a pplicatio n, and the phase planes d e v e l o p e d  to e x p l o r e  the 
proposed step sequences. Thus all that is needed to d e s c r i b e  the 
motor is:
Tfm> T SJn, B, Ir a t e d . l<T » Kb and the t o r q u e - a n g l e  curve.
These could be supplied by the m a n u f a c t u r e r  or d e t e r m i n e d  by experiment. 
With these values and s p e c i f i e d  tolerances , m o s t  ap p l i c a t i o n s  o f  the 
motor could be e x p l o r e d  by the phase plane method. This w o u l d  have 
the following advantages.
1. M otors could be tested, by analysis, in an a p p l i c a t i o n  to 
see if the y  w e r e  suitable.
2. Potential problems co u l d  be d e t e c t e d  and explored to al t e r  
speci f i c a t i o n s  or m o d i f y  d i f f i c u l t  step sequences if necessary.
3. Marginal designs could be d e t e c t e d  b e fore hardware was 
purchased.
4. Dev e l o p m e n t  plans co u l d  be f o r m u l a t e d  before hardware was 
purchased.
5. The n e c e s s i t y  f or feed b a c k  could be d e t e r m i n e d  ah e a d  of 
time.
In this way, the phase plane m e t h o d  could be used as a design 
tool to explore a potential app l i c a t i o n  o f  stepping motors. This 
approach could save a c o n s i d e r a b l e  a mount o f  dev e l o p m e n t  time. It 
could be c o nducted b efore or w h i l e  the s y s t e m  was being co n s t r u c t e d  
rather than after the fact. It w o u l d  seem to of f e r  savings in e x ­
perimental d e v e l o p m e n t  time.
On the ot h e r  hand, m o t o r  m a n u f a c t u r e r s  are spending c o n s i d e r ­
able experimental time testing th e i r  m o tors to provide customers wit h  
usuable design data. Using t h e i r  m e t hods of data pr e s e n t a t i o n  and 
considering the w i d e  v a r iety o f  s t e p p i n g  m o t o r  applicatio ns, this is 
an almost impossible task. The pub l i s h e d  informatio n is res t r i c t e d  to 
long step sequences with the m o t o r  sub j e c t e d  to friction loads and in 
some cases additional inertia. Thus the phase plane m e t h o d  could 
offer a much b etter w a y  o f  p r e s e n t i n g  m o t o r  chara c t e r i s t i c s  for 
design purposes.
Step p i n g  m o t o r  m a n u f a c t u r e r s  do not have standard ways o f  
defining m o t o r  behavior. M o s t  often the applicatio ns e n g i n e e r  will 
have d i f f i c u l t i e s  b e c ause the s p e c i f i c a t i o n s  do not pertain to his 
application. The m a n u f a c t u r e r s  specif i c a t i o n s  tend to be e m p i r i c a l l y  
developed, and often the experimental methods will not be d e f i n e d  or 
even c o n s istent between m a n u f a c t u r e r s .  F o r  example, to r q u e - s p e e d 
curves m a y  be dev e l o p e d  fro m  st a r t - s t o p  or from slewing data, with the 
method not being specified. To ma k e  things still m o r e  difficult, load 
torque, w h i c h  is n e arly always assumed to be coulomb friction, m a y  be 
applied in e i t h e r  o f  two ways. In one method, the fixed friction load
is applied to the m o t o r  at rest, then the m o t o r  is run to d etermine 
the m a x i m u m  a t t ainable speed. In the o t h e r  method, the m o t o r  is 
brought up to a given speed w i t h  no load, then a friction load is 
gradually applied until the m o t o r  fails. If the load has stiction or 
damping, and the res u l t i n g  friction torque is m e a s u r e d  at a s t a n d ­
still, then inaccurate values o f  torque will be assured. If the 
friction is applied and then the m o t o r  run, the curve is s p ecified a 
"pull-in curve" and if the load is applied af t e r  the m o t o r  is running, 
it is a "pull-out curve." Often no d i s t inctio n is ma d e  and the user 
is left to assume w h i c h  of these approaches has been used to obtain 
the curves.
5-6 Summary
A model has been d e v e l o p e d  wh i c h  represents both the static 
and dynamic beha v i o r  of a stepping motor. It includes all of the 
major parameters wh i c h  a f f e c t  the behav i o r  of the s y s t e m  and can be 
expanded to include o t h e r  n o n l i n e a r i t i e s  w i t h o u t  c h a n g i n g  the or d e r  of 
the model as long as the inductive time cons t a n t  is small. The phase 
plane includes stable singularit ies, or detent positions as well as 
the unstable positions and provides a graphical m e thod of d e t e rminin g  
failure. S eparatric es d ivide the phase plane into regions, a t r a j e c t o r y  
in any region leads to onl y  one stable detent position or singularily. 
There is also a curve in the plane called the zero slope isocline 
which along wit h  the e axis encloses the region wh e r e  the m o t o r  may 
accelerate, thus the peak of this zero slope isocline represents the 
m a x i m u m  slew speed o f  the motor.
The model is e a s i l y  solved by digital c o m p u t e r  techniques and 
provides c o n s i d e r a b l e  i n s ight into m o t o r  behavior. The theoretical 
slewing speed can be c a l c u l a t e d  fr o m  the equa t i o n  f or the zero wor k  
curve, when the inductance effects c a n n o t  be neglected. The ot h e r  
failures can be simulated using the c o m p u t e r  or p r edicted by graphical 
analysis fr o m  the phase pl a n e  portrait.
CHAPTER VI
M O D E L  E X P E R IMENT AL VE R I F I C A T I O N
6-A Introduction
The purpose of a ny analytical model is to p r e dict the response 
of a certain s ystem to a given input. Therefore, it is important that 
actual m o t o r  responses be m e a s u r e d  and compared to the expected 
analytical solution. With an experimental verificati on, it then seems 
reasonable to use the model to predict the b e h a v i o r  o f  a p o s t ulated  
system. Further, the model can serve as a fram e w o r k  wh i c h  is filled 
in by m e a s u r e d  m o t o r  parameters and then used to predict m o t o r  behavior. 
This section offers the experimental e v i d e n c e  that the model does 
indeed predict the m o t o r  performance. M o s t  o f  the me a s u r e m e n t s  were 
done at o r  below the st a r t - s t o p  limit, since this is the region in which  
the m a j o r i t y  of stepping m otors operate.
The model is d e v e l o p e d  for a total system, including the 
motor, load, and drive circuit. This is important, and means that 
the m o t o r  is only one part in an integrated s y s t e m  w h i c h  m u s t  be 
designed and e v a l u a t e d  as a whole. It has a l r e a d y  been shown that 
drive impedence and s upply voltage and load friction, damping, and 
inertia all e ffect m o t o r  response.
The c o m p u t e r  model was w r i t t e n  in Fortran and utilizes Runge- 
Kutta integration. It has been desi g n e d  for interactiv e use at a 
Tektronix graphics terminal and can be used on any c o m p u t e r  s ystem 
with appropriat e modifi c a t i o n ,  or it can be pro g r a m m e d  in a simulation
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language such as CSMP.
6-B Experimental S y s t e m
In order to v e r i f y  the model, it is n e c e s s a r y  to have an 
experimental system w h i c h  includes a motor, driver, and a p p r o p r i a t e  
control circuitry, as well as t r a n sducer s to m e a s u r e  torque, velocity, 
and position. M o t o r  v e l o c i t y  was m e a s u r e d  w i t h  a tachometer , position 
with a film poten t i o m e t e r ,  and torque with a strain gage f o r c e - t r a n s d u c e r  
located at known radius.
T he experimental s y s t e m  c o n s i s t e d  of:
1) a four-phase , p e r m a n e n t  m a g n e t  step p i n g  m o t o r  w i t h  a 90° 
step angle
2) a d r i v e r  c i r c u i t  w h i c h  will drive one phase at a time
3) a p o t e n t i o m e t e r  to m e a s u r e  a n g u l a r  d i s p l a c e m e n t
4) a t a c h o m e t e r  to m e a s u r e  a n g u l a r  velo c i t y
5) a v a r i a b l e  f r e q u e n c y  source
6) a c o n t r o l l e r  f or the f r e q u e n c y  source
7) an o s c i l l o s c o p e  to d i s p l a y  the v e l o c i t y  and position signals
The details of each piece of e q u i p m e n t  a re given below.
S tepping M o t o r : Eastern A i r  Devices 90° stepper, model
LD20ABE-1R, w i t h  four phases and d o u b l e - e n d e d  shaft (for e asier t r a n s ­
ducer mounting).
D r i v e r : A  basic s i n g l e  phase R/L drive is used as shown in
Figure VI-1. O t h e r  schemes can be used to drive two or all four 
phases at a time. The d r i v e r  re s i s t a n c e  is 30 ohms, the m o t o r  re­
sistance and a v e r a g e  i n d u ctance are 12 ohms and 15 millihenri es, 
respectively. The c u r r e n t  rise time for this c i r c u i t  (i.e., time








constant) is the inductance d i v ided by the total resistance, w h i c h  in 
this case is 3.6 x 1 0 ”4 seconds. If the i n s t antane ous c u r r e n t  shift 
assumption is valid for a rise time of less than one tenth o f  the 
total cycle time, the c o n s t a n t  c u r rent a s s u m p t i o n  for this m o t o r  and 
drive is accu r a t e  up to 280 steps per second.
P o t e n t i o m e t e r : A  CIC p o t e n t i o m e t e r  having better than 0.1% 
linearity. Model number 205.
T a c h o m e t e r : A  S e r v o T e k  type S T - 7 2 1 - 7 B  t a c h o m e t e r  wi t h  0.1% 
linearity.
F r equency S o u r c e : An Exact model 707 vari a b l e  f r e q u e n c y
function g e n e r a t o r  is used to supply the ref e r e n c e  f r e q u e n c y  pulses.
A counter was also e m p l o y e d  to give an a c c u r a t e  m e a s u r e m e n t  of stepping  
rate.
C o n t r o l l e r : The step c o m mand pulse g e n e r a t o r  c i r cuit is shown
in Figure V I -2. It is a latching, presettable, up/down c o u n t e r  wi t h  
trigger o utput to control the function generator. T he d e s i r e d  n umber  
of steps is present in the con t r o l l e r  and then the start switch is 
depressed, causing the t r i gger o utput to go high until that n u m b e r  of 
pulses from the f r e q u e n c y  s o u r c e  has been received. Thi s  a llows a 
selectable number o f  fixed period step commands to be gated to the 
system.
O s c i l l o s c o p e : A T e k t r o n i x  510 3 / D I 5 s t o rage o s c i l l o s c o p e  was 
used to d i s p l a y  an t a c h ometer o utput versus p o t e n t i o m e t e r  bridge 
output. Pictures o f  the d i s p l a y  wer e  reco r d e d  w i t h  a T e k t r o n i x  C-12 
O s c i l losco pe Camera.
The mechanical setup is shown in Figure VI-3. Inertia w h e e l s  































and a p e rmanent m a g n e t  wh i c h  can be m o v e d  r a d i a l l y  relative to the 
disc are used to provide a d j u s t a b l e  load damping. The t a c h o m e t e r  and 
potentiome ter are m o u n t e d  as shown.
Since the m o t o r  has a 90° step angle, the shaft makes one 
complete revolution for ev e r y  four steps. As the m o t o r  has four 
separate phases, the t o r q u e-ang le curve will comp l e t e  one cycle for 
one complete rotation o f  the output shaft. In terms of the mathematical 
model parameters, this m e a n s  that A  = 1.
6-C Experimental M e t hods of P a r a m e t e r  Evaluation
T h e r e  a re five dimens ion!ess p a r ameters wh i c h  m u s t  be evaluated 
before the model can be utilized. Each one has been dev e l o p e d  analytically. 
In this section, m e t hods for m e a s u r i n g  or cal c u l a t i n g  these parameters 
will be suggested. T h e s e  suggested m e t hods a re not the only w a y  to 
evaluate the parameters, but are m e r e l y  guidelines for the a pplicatio ns 
engineer.
6-C.l T o r q u e  A n g l e  Curve
The first c h a r a c t e r i s t i c  which is needed for the model is the 
torque-angle curve. To m e a s u r e  the t o r q u e-ang le curve, the m o t o r  
shaft w a s  supp o r t e d  on two bearing hangers as shown in Figure VI-4.
This leaves the m o t o r  housing free to rotate. The p o t e n t i o m e t e r  was 
connected to m e a s u r e  rotor an g l e  relative to ground. The housing was 
connected to ground through a Celesco force t r a n sducer w h i c h  uses 
semiconduc tor strain gages as the sensing elements. The t r a n sducer 
was m o u nted at a known radius so the radius times the force reading 
indicates the torque e x e rted by the stepping motor. One phase is then
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energized w i t h  a known current. The stepping m o t o r  shaft is driven 
slowly by a DC m o t o r  to c a u s e  an a n g u l a r  d i s p l a c e m e n t  between the stepper 
rotor and stator. The v o l t a g e  fro m  the force t r a n s d u c e r  strain gage 
bridge indicating m o t o r  t orque and the p o t e n t i o m e t e r  bridge indicating 
di splaceme nt a r e  reco r d e d  by an X-Y p l o t t e r  to p r o duce the torque- 
angle curve. The t o r q u e - a n g l e  curve m e a s u r e d  this w a y  is shown in 
Figure VI-5. It can be noted that the shape is n early sinusoidal so 
that the ass u m p t i o n  m a d e  in the model is valid. T he c u r rent in the 
winding can then be swit c h e d  to a new phase, w h i c h  will r esult in a 
shift of the to r q u e - a n g l e  r e l a t i o n s h i p  by 90 degrees. Th e r e  are 
some variations in cu r v e  m a g n i t u d e  whe n  one of the other three wind i n g s  
are energized. Th i s  v a r i a t i o n  is shown in Figure VI-5 w h e r e  the 
torque-ang le curves for each of the four phases e n ergized are shown. 
Variation in m a g n i t u d e  and shape can be a c c o u n t e d  for by m a n y  reasons; 
winding re s i s t a n c e  d i f f e r e n c e s  between phases, friction and ali g n m e n t  
of test set up and m a n u f a c t u r i n g  tolerances.
The torque produced by a p e r m a n e n t  m a g n e t  stepper m o t o r  was p o s t ­
ulated to be proportional to current, see equation VI-1. This is true 
until s a t uration o ccurs in the iron, at wh i c h  point the torque o u t p u t 
becomes nonlinear. This r e l a t i o n s h i p  can be found by the experimental 
set up, by fixing the r o t o r  at a known angle, p r e f e r a b l y  at the peak 
torque output, and i n c r easing w i n d i n g  current, a plot of torque versus 
current with r esult as shown in figure VI-6.
T(e) = K-j-i sin Ae (VI-1)
Thu s  the t orque constant, Ky, m a y  be m e a s u r e d  by e ither the 
torque-ang le curve, as long as the c u r rent is below the s a t uration level, 


























































either case that o ne det e r m i n e s  if the m o t o r  is oper a t i n g  in the 
linear region when using the m o d e l ,  or if not one should m o d i f y  the 
model for the n o n l i n e a r  behavior.
A n o t h e r  m e t h o d  f or m e a s u r i n g  the torque constant, w h i c h  is 
perhaps the e a s i e s t  to implement, is to m e a s u r e  the BEMF v o l t a g e  and 
infer the torque constant. This can be realized by c o n s i d e r i n g  the 
m e c h anical -electrical p o w e r  con v e r s i o n  relationships, see equa t i o n  VI- 
2. In the a b s e n c e  o f  losses the p o w e r  out equals the power in.
Te ozin = VI watts = 141.6 VI - z^ -ra-sec sec
however torque and v o l t a g e  are functions o f  current, angle and speed 
hence:
Kyi sin(Ae) e = 141.6 K^e sin Ae I (VI-2)
the angle and c u r r e n t  cancel hence:
i/ o^in _ t/ii c i/ voIts
K t amp 1 41*5 Kb rad/sec
Thus if the BEMF const a n t  is determined, then the torque c o n ­
stant m a y  be found prov i d e d  that the current used is below the 
saturation current. This m e t h o d  has great a d v a ntages for small angle 
steppers as the position t r a n s d u c e r  is not needed. All one needs to do 
is m e a s u r e  by d r i v i n g  the m o t o r  at a known speed and det e r m i n i n g 
the open c i r cuit voltage.
6-C.2 BEMF
The BEMF e f f e c t  is desc r i b e d  by the p a r a m e t e r  y where:
Y * ~TT <VI-3)
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Once the natural fre q u e n c y  is known, and the total voltage 
applied to the s ystem is known, it is only n e c e s s a r y  to find the BEMF 
constant, (volts/rad/ sec). This is e asily a c c o m p l i s h e d  by ext e r n a l l y  
driving the shaft o f  the motor, with a DC m o t o r  a cons t a n t  speed. With 
the stator unenergize d the sinusoidal voltage wh i c h  appears on one 
winding is d i splayed on an oscilloscope. is found as shown in 
Figure VI-7. The BEMF v o l tage is a sinusoidal function o f  angle with 
the same period as the t o r q u e - a n g l e  curve. Knowing A, the n u m b e r  of 
cycles that the t o r q u e - a n g l e  cu r v e  makes per revolution, allows the 
motor speed to be d e t e r m i n e d  by the period T of the BEMF voltage 
versus time curve. Thus fr o m  the peak voltage is Vm  at any speed, the 
effective BEMF constant K^ is:
An experimental m e a s u r e m e n t  of the BEMF is shown in figure 
VI-8, wh e r e  the open c i r c u i t  s t a t o r  voltage is d i s p l a y  as a function of 
time on an oscilloscope.
From the BEMF c o n s t a n t  the torque cons t a n t  Kj m a y  be found by 
equation VI-2. This is mu c h  e a s i e r  to implement and as will be seen 
this experimental setup can serve to mak e  o t h e r  s y s t e m  measuremen ts.
By supplying a s tator phase wi t h  a current source and driving the m o t o r  
at a fixed speed and m e a s u r i n g  s t a t o r  voltage, the BEMF e x p r e s s i o n  can 
be found.
speed = r a d /sec (VI-4)
V TA
K = J2  v.°Tts (vi-5)
%  2tt rad/sec ^
(91In the case of a VR m o t o r  the BEMF depends on s t a t o r  current'1 .
6- C . 3  Fric t i o n  Torque
(VI-5)
A  V o  l * h s
Calculatin g Kb 
Figure VI-7
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T he peak torque, KT IR , is once again in the equa t i o n  and is 
known, can be m e a s u r e d  in a n u m b e r  o f  ways, but it s hould not be 
confused w i t h  static frict i o n  o r  "stiction." is the friction wh e n  
the s y s t e m  is actua l l y  in motion. Stic t i o n  T s can also be included in 
the model. Friction and stiction can be d e t e r m i n e d  by m e a s u r i n g  the 
"dead zone" w h i c h  the m o t o r  will e x h i b i t  a round its actual e q u i l i b r i u m  
position and using e q u a t i o n  1 1 1-48. If the wi d t h  o f  this dead zone 
(the m a x i m u m  angle t h r o u g h  w h i c h  the rotor can be m o v e d  w i t h o u t  it 
returning to its e q u i l i b r i u m  position) is d e s i g n a t e d  L, and T is the 
dimensionless stiction.
T_
t = t t t  tV I ' 6 )s k t i r
T h e n ;
T p + T s = Sin (VI-7)
where L is in radians
T^, the c olumb f r i c t i o n  is m e a s u r a b l e  by d e t e r m i n i n g  the 
m i n imum torque n e c e s s a r y  to keep the shaft t u r ning once it is in 
motion. The stiction and friction can also be m e a s u r e d  using a torque  
watch, by m e a s u r i n g  the torque that j u s t  causes motion. This m u s t  be 
done with the m o t o r  w i n d i n g s  open and then the d etent torque o f  the 
m o t o r  m u s t  be a c c o u n t e d  for. U s u a l l y  in i n s t rument a p p l i catio ns ? s 
is small and can be neglected.
F or small an g l e  m o t o r s  this m a y  be a d i f f i c u l t  m e a s u r e m e n t  b e ­
cause of the accu r a c y  requ i r e d  by the posi t i o n  transducer. A n o t h e r  
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in m aking the BEMF measur e m e n t s .  The torque p r o d u c e d  by a DC m o t o r  
is proportional to the a r m a t u r e  current. If a plot of a r m a t u r e  c u r rent  
versus speed for a DC m o t o r  is made, see figure VI-9, then the friction 
and damping o f  the DC m o t o r  m a y  be found, by c a l i b r a t i n g  the current 
in terms o f  torque and knowing the speed. Once the d a m p i n g  and friction 
for the DC m o t o r  is known, any rotary device m a y  be c o u pled to the DC 
motor, and the d a m p i n g  and friction m a y  be found. An e x a mple of this 
m e a s uremen t is given in figure VI-10, wh e r e  the lower trace is the DC 
motor alone and the u p p e r  trace is the DC m o t o r  c o u p l e d  wit h  stepper.
If the d e vice being m e a s u r e d  has a stiction c o m p o n e n t  then that m a y  be 
found also.
6-C.4 D a m ping Ratio
B a)
c = 2 AKT IR (V I “8 )
The mechanical d a m ping is a very important parameter. T he m o t o r
mechanical damping is e x t r e m e l y  small when comp a r e d  to ot h e r  forms o f
damping (i.e., a ir drag, viscous effects, etc.) w h i c h  come f r o m  the
load and not the m o t o r  itself. If the step size is large, and the
friction is insignific ant, the m o t o r  rotor can be d e f l e c t e d  a small
amount and the d a m ping ratio d e t e r m i n e d  by c o m p a r i n g  the response to
that of a second or d e r  system. This could be done using a position
response o f  the for m  shown in F igure VI-11 using the log dec r e m e n t
method. However, the friction also causes the o s c i l l a t i o n  a m plitude
in Figure VI-11 to decrease. This obscures the e f f e c t  of mechanical
damping.
F o r  small step sizes this is a d i f f i c u l t  m e a s u r e m e n t  as m e n t i o n e d  
before and the DC m o t o r  allows a very fast and a c c u r a t e  m e a s u r e m e n t  of
SPEED
FIGURE VI-IG
TORQUE VS SPEED 
FOR
DC MOTOR-STEPPER AM) 
DC MOTOR ONLY
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Finding o> from the Response A f t e r  an Initial Displacement
Figure VI-11
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both damping and friction as well as BEMF. Furthermore, the t orque c o n ­
stant m a y  be cal c u l a t e d  f r o m  the BEMF, thus all but the rotor inertia 
and stator r e s istance and i n d uctance can be found w i t h  one test setup.
This is not the o n l y  m e t h o d  to solve for ?, but it is the 
easiest to implement in a d e s i g n  applicatio n. In the a p p l i c a t i o n  of 
the m o t o r  to a given stepping system, the load d a m p i n g  will a u g ment 
the meas u r e d  c for the m o t o r  alone. This load d a m p i n g  m u s t  be included 
in the model and will i n fluence the resp o n s e  s t r o n g l y  since, typically, 
motor damping is so small. Thus load damping m a y  c o m p l e t e l y  d e t e r m i n e  
motor behavior.
6-C.5 Natural Fre q u e n c y
The natural f r e q u e n c y  u)n can be d e t e r m i n e d  by o ne of two 
methods. From the e a r l i e r  analy s i s  the natural f r e q u e n c y  is:
k t i r a
(VI-9)
The comb i n e d  rotor and load inertia, J, is the total inertia of the 
system and m a y  be e i t h e r  m e a s u r e d  or calculated. The m o t o r  inertia is 
usually given in the m a n u f a c t o r ' s  catalog. It is g e n e r a l l y  possible to 
calculate the load inertia, and thus w i t h  the t orque c o n s t a n t  known the 
natural f r e q u e n c y  m a y  be c a l c u l a t e d  using equa t i o n  VI-9.
It is also poss i b l e  to m e a s u r e  w by d e f l e c t i n g  the rotor a 
small a mount (it mu s t  be small because the s y s t e m  is nonlinear) and 
releasing it. The response will be that of a second or d e r  s ystem and 
the natural f r e q u e n c y  can be found by standard means. This is shown 
in Figure VI-11. This is s o m e w h a t  d i f f i c u l t  to do for m o t o r s  w i t h  
small step angles, but c an be used as a c h e c k  for the cal c u l a t e d  
value.
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6-C.6 Load T o r q u e
.  _ t l
t l ■ IcjT^ (VI-10)
Thus T l is s i m p l y  the v e l o c i t y  ind e p e n d e n t  load torque d i v ided 
by the peak torque o f  the t o r q u e - a n g l e  curve. T^ will be zero unless 
a velocity independen t load is used, such as a g r a vity load. Both the 
calculated and m e a s u r e d  m e t h o d s  for such a load are s t r a i g h t  forward.
6-D Step S e q u e n c e  Comparison s
A f t e r  all the par a m e t e r s  have been measured, the m e a s u r e d  
motor response m u s t  be c o m p a r e d  to the response pred i c t e d  by the 
computer simulation. The p r o g r a m  wh i c h  produces the phase planes and 
stepping sequences by s h i f t i n g  the t r a j e ctori es to the right o r  left 
d isco n t i n u o u s l y  is useful to g r a p h i c a l l y  d i s p l a y  failure, but it is 
hard to relate to the m e a s u r e d  trajectori es. For this reason, a n o t h e r  
program was w r i t t e n  to r e p r o d u c e  the c a l c u l a t e d  response in the same 
format as w o u l d  be o b s e r v e d  on an o s c i l l o s c o p e  face, thus m a k i n g  the 
comparisons e a s i e r  to visualize. A n u m b e r  o f  dif f e r e n t  input sequences  
were a p p lied to the s y s t e m  and the c o r r e s p o n d i n g  c o m p u t e r  p r edicted 
responses w e r e  generated. Some of the results are d i s p l a y e d  on the 
following pages. Th e s e  results not only v erify that the model r e ­
presents m o t o r  b e h a v i o r  but i l l u strate several failure modes.
The experimental v e r i f i c a t i o n  was m a d e  wi t h  a t a c h o m e t e r  and 
a p o t e n t i o m e t e r  a t t a c h e d  to the m o t o r  with no additional inertia d a m p ­
ing. With a given L/R ratio, and a fixed fou r  phase voltage drive, 
driving one phase at a time, the peak torque, Tm, can be found. This is 
often given in the m a n u f a c t u r e r s  data, but was m e a s u r e d  here by driving
the m o t o r  w i t h  a DC m o t o r  and m e a s u r i n g  the BEMF, to c a l c u l a t e d  the 
torque constant. A force t r a n s d u c e r  can then be p laced on the m o t o r  to 
measure the t o r q u e - c u r r e n t  curve so tha t  the m o t o r  will be o p e r a t e d  in 
the linear torque c o n s t a n t  range, as d e s c r i b e d  earlier.
The d a m ping and friction w e r e  found, using the DC m o t o r  
from the c u r r e n t - s p e e d  curve. The natural f r e q u e n c y  was m e a s u r e d  from 
the single step response, by d e t e r m i n i n g  the p eriod o f  the last few 
oscillations. It is i m p o r t a n t  tha t  w h e n  using this m e t h o d  for finding 
a>n , that only the last o s c i l l a t i o n s  are used; b e c ause o f  the n o n ­
linear nature of the system. With these p a r ameters it is possible to 
calculate all o f  the d i m e n s i o n l e s s  p a r a meters for the model.
The m e a s u r e d  s i n g l e  step response and the c o m p u t e r  response 
determined by the m e a s u r e d  p a r a meters are shown in f igure VI-12.
The phase plane for the m o t o r  d e v e l o p e d  from the m a t h e matic al model 
based on the m e a s u r e d  p a r a m e t e r  values is shown in figure VI-13.
For step sequences, small changes in step period and variations 
between d e t e n t  positions can cause large changes in s y s t e m  trajectories.
A procedure was n e eded to o btain a q u a n t i t a t i v e  m e a s u r e  of the model 
fit to the experimental data. Thus it was d e c i d e d  to p r e dict the 
sequence response using the c o m p u t e r  simulation. Then the m e a s u r e d  
response was d e t e r m i n e d  by varying step period, T , until the m e a s u r e d  
and p r edicted responses w e r e  a l most identical. The d i f f e r e n c e  between 
the period used in the s i m u l a t i o n  and the period used in the experimental 
measuremen ts was then used as a m e a s u r e  of model fit.
F igure VI-14 shows the phase plane port r a i t  for an four step 
sequence d e v e l o p e d  fr o m  the phase plane by shif t i n g  the t r a j e c t o r y  to 
the left j  at each step instant. The sep a r a t r i x  are also shown on the
Bp  ...  >
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figure. The stepping f r e q u e n c y  is close to the natural fre q u e n c y  of 
the system, thus wh e n  step two is applied the m o t o r  has m a d e  one 
revolution in the phase plane and step three causes the sequ e n c e  to 
cross the left separatrix. A f t e r  the fourth step the m o t o r  settles at a 
detent position that is four steps behind the d e s ired location. Since 
four foward steps wer e  c a l l e d  for, the m o t o r  has returned to the same 
starting position. If a three step sequence had been e x e c u t e d  the 
motor w o u l d  have lost one step.
Note that the step p i n g  period used in figure VI-14 is WNT =
7.2, where the small a m p l i t u d e  period is 6.28. Because of the n o n l i n e a r  
system the period for large a m p l itudes will be larger. There is a 
range of periods around the natural f r equency that will cause step 
failure and in general this range will be l arger for low d a m ping and 
low friction systems. Figure VI - 1 5  is the c o m p u t e r  d e v e l o p e d  phase
plane to convert the step p i n g  sequences of the model into the form
most useful for c o m p a r i s o n  o f  simulation s to o s c i l l o s c o p e  photographs. 
Since the step size is 90°, four steps will cause the rotor to turn 
360° or one comp l e t e  revolution. This is seen in Figure VI-15 wh e r e  
the horizontal shifts o c c u r  to simulate the p o t e n t i o m e t e r  shift every 
2ir radians. By c o u n t i n g  these shifts, one can find the total travel, 
but since shifts can always o c c u r  in both directions care m u s t  be 
taken. To compare the m e a s u r e d  and cal c u l a t e d  phase planes, the 
period of the input step sequ e n c e  was varied until the two response 
were similar, The periods, T, are indicated in figure VI-15.
The next well known failure m o d e  is stepping above the s t a r t - 
stop rate. F i gure VI-16 shows a four step sequ e n c e  above the start-
stop rate, w h e r e  the step p i n g  period is so small that the m o t o r  does
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not have enough time to a c c e l e r a t e  and the stepping t r a j e c t o r y  crosses 
the separatrix af t e r  the four step res u l t i n g  in a position e r r o r  o f  four 
steps. Note that if a three step s e q u e n c e  w o u l d  have been c alled for 
the m o t o r  could have e x e c u t e d  it, a l t h o u g h  a large t r a n s i e n t  r e s p o n s e 
would have occurred. In F igure VI-17, the c o m p u t e r  and m e a s u r e d  
responses shows th a t  the m o t o r  has not e x e c u t e d  the four steps and 
remained at its original d e t e n t  position.
Figure VI - 1 8  shows a ei g h t  step sequence that was exec u t e d  
without the loss or g a i ning o f  steps, although a sep a r a t r i x  was c r o ssed 
during the third step it w as c r o s s e d  back during the fifth step. The 
resulting m e a s u r e d  and c o m p u t e r  plots are shown in figure VI-19. Here 
the two horizontal shifts indicate two revolution s and thus the e x ­
ecution o f  the ei g h t  steps.
Figure VI - 2 0  shows a four step s e q u e n c e  at the same s t e p p i n g 
period. Si n c e  the fifth step w as not e x e c u t e d  to recross the separatrix, 
a position e r r o r  o f  f o u r  steps results. Eight steps w e r e  exec u t e d 
instead of the four c a l l e d  for. This is also shown in figure VI-21.
This type of f a i lure m o d e  o ccurs be l o w  the s t a r t - s t o p  rate for short 
step sequences wh e n  the s y s t e m  has low d a m p i n g  and friction.
Figure VI-22 shows a step p i n g  p eriod that can be e x e c u t e d  for 
any n umber o f  steps, since it n e v e r  crosses a s e p aratrix it will never 
gain or lose steps. T he m e a s u r e d  and c o m p u t e r  response are shown in 
Figure VI-23, c l e a r l y  the four step sequ e n c e  was e x e c u t e d  correctly.
If for both this and the previous example, the m o t o r  was a l l owed to 
continue for a large n u m b e r  o f  steps a small closed path, a limit 
cycle, will be formed. This limit cycle will always be below the 
separatrix thus f or a large n u m b e r  o f  steps at the st a r t - s t o p  rate or 
below, the step s e q u e n c e  will be e x e c u t e d  correctly.
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211
2ETA ■ .8815 TF « .8375 8MW » .1268 








-2.5 -2.8 -1.5 -1.8 -8.5 8.8 8.5 1.8 1.5 2.8
0
FI0JRE V K 2  
PHASE PUIIC 51EPPJWS, IfffT» 1.5
T = 17.685 m secm
T c = 1 7 . 6 6 8  m  sec
1% Error
zer*» e.cots wrr- t . e w o  oakt<a -  o.icaa
r m
6  ’ 4
Figure vi-23
Four Step Responses, WNT =1. 5
CHAPTER VII
O P T I M U M  S T E P P I N G  S E QUENCES 
7-A Introduction
It is possible to find stepping s e quences wh i c h  have m i n i m u m  
overshoot and m i n i m u m  r e s p o n s e  time by the use of the phase portraits. 
By determinin g the m i n i m u m  response time o f  a s y s t e m  for a given 
number of steps, it is poss i b l e  to o p t i m i z e  the s y s t e m  for a given 
repetitive command sequence, and in doing so, a general m e t h o d  for 
finding o p t i m u m  sequences m a y  be discerned. It will be noted that 
this is poss i b l e  on l y  if the motor, drive, and load are all known and 
can be c h a r a c t e r i z e d  by the five d i m e n s i o n ! e s s  parameters.
If the m o t o r  is to e x h i b i t  no o v e r s h o o t  to a step sequence 
consisting of a fixed n u m b e r  of steps, the last step m u s t  occur when  
the mo t o r  t r a j e c t o r y  has zero v e l o c i t y  and has a d i m e n s i o n l e s s  position 
of one step a w a y  from the origin. For stepping in the phase plane, 
the mo t o r  t r a j ectory will norm a l l y  be shifted d i s c o n t i n u o u s l y  to the 
left by an a mount equal to the step size, f or a four phase m o t o r  full 
stepping ir/2. Th i s  is e q u i v a l e n t  to saying that whe n  the final step 
command is given, the position of the m o t o r  in the phase plane will be 
one step to the right of its final stable e q u i l i b r i u m  point. If this 
is true th e r e  will be no o scillatio n, as shown in Figure VII-1, for a 
three step sequence.
T his is e asily plotted on a phase portrait, but the required 
times for the step comm a n d s  to be i n i t ialize d are hard to establish
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graphically. For this reason, the c o m p u t e r  is best used to det e r m i n e  
the stepping times. In o r d e r  to u t i l i z e  this type of approach, one 
must develop some kind of s t r a t e g y  to a c c e l e r a t e  and d e c e l e r a t e  the 
motor, at the a p p r o p r i a t e  times, as to a c h i e v e  m i n i m u m  exe c u t i o n  time 
and m i n i m u m  overshoot. O ne such strategy, that could be used, is based 
on the zero slope isocline. S i n c e  the area under the zero slope isocline 
is a region in w h i c h  the m o t o r  a c c e l erate s, and outside that area the 
motor mu s t  decelerate.
T his d e v e l o p m e n t  will be f o l l o w e d  by other str a t e g i e s  that try to 
optimize the a c c e l e r a t i o n  and d e c e l e r a t i o n  to a c h i e v e  m a x i m u m  e x ecution  
times.
7-B Ze r o  Slope Isocline S w itching
To find the p eriod b e t ween steps, a c o m p u t e r  p r o g r a m  is utilized 
which allows the m o t o r  to a c c e l e r a t e  to the zero sl o p e  isocline and then 
executes a n o t h e r  step. In o r d e r  to e f f i c i e n t l y  c a l c u l a t e  the d e c e l e r a ­
tion steps, the m o t o r  is s t a rted a t  the d e s i r e d  final posit i o n  and time 
is run backwards until the n umber o f  d e s ired d e c e l e r a t i o n  steps have 
been executed. A  final step is found such that the a c c e l e r a t i o n  ramp 
and the decele r a t i o n  ra m p  are c o n n e c t e d  by one step at a given velocity.
Thus an o p t i m u m  s w itching seque n c e  is based on the f o llowing  
approach.
1. If the posi t i o n  o f  the m o t o r  is one step aw a y  fro m  the 
desired e q u i l i b r i u m  point and at zero v e l o c i t y  at the instant o f  the 
final step command then the m o t o r  will c e r t a i n l y  have no overshoot.
2. If the m o t o r  follows a t r a j e c t o r y  until the ac c e l e r a t i o n  
is zero (zero sl o p e  on t he trajectory) then it is c e r t a i n l y  not losing
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speed in a n y  step.
3. During d e c e l e r a t i o n  if the m o t o r  is again s w i t c h e d  so 
that after the step, it is located on the zero s l o p e - i s o c l i n e  it 
decelerates w i t h o u t  slip p i n g  ah e a d  to gain steps.
If the m o t o r  is s t e pped w h e n  it reaches zero a c c e l e r a t i o n  (on 
the edge of the zero slope isocline), the m o t o r  will a lways be a c c e l ­
erating. This is useful f o r  ramping the m o t o r  as shown in Figure V I I -2.
Thus the m o t o r  is stepped when its t r a j e c t o r y  reaches the ze r o  slope 
isocline. To slow down as fast as possible, the m o t o r  is stepped down 
along the o u t s i d e  o f  this isocline so that it always dec e l e r a t e s  
between steps. Th i s  slowdown s t r a t e g y  is als o  shown in Figure VII-2.
To c o m bine the ramping or slewing s t r a t e g y  with the m i n i m u m  
overshoot s t r a t e g y  provides a m e t h o d  o f  o b t a i n i n g  fa s t  r e s p o n s e  for a 
sequence o f  fixed n umber o f  steps. The o n l y  d r a w b a c k  to solving this 
problem for a given set o f  parameters is the step at the top o f  the 
stepping sequence, step 4 in F igure VII-3.
Si n c e  all steps e x c e p t  for one at the top of the s e q u e n c e  have 
one end on the zero slope isocline, and this is the c u r v e  w h e r e  the 
slope of the trajectori es is equal to zero, c o n s t r u c t i o n  of all except 
the top step is e a s i l y  accomplish ed. A t  the start o f  the sequence, 
the first step will c a u s e  the m o t o r  to have p o s i t i o n - v e l o c i t y  c o ­
ordinates of - , 0. T h a t  t r a j e c t o r y  is follo w e d  as it acc e l e r a t e s
until the slope equals zero, and a n o t h e r  ste p  is then executed.
Likewise, the position and v e l o c i t y  of the m o t o r  imm e d i a t e l y  before  
the last step are known to be + j and 0, respective ly. By integratin g  
wi t h  negative time increments, it is p o s s i b l e  to w o r k  backwards from 
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first, always stepping w h e n  the slope is zero.
When all of the d e s i r e d  n u mber o f  steps have been c o n s t r u c t e d  
except for one, the last st e p  m u s t  be found. To do this, the t r ajectori es 
from both sets of steps, o n e  accele r a t i n g ,  one decele r a t i n g ,  are 
extended, and at a given point they will both have the same v e l o c i t y  
and their positions will be a d i s t a n c e  equal to the ste p  size ( |r )  
apart. The last step is drawn in between these two points.
To d e v e l o p  a p r o g r a m  to do this on a digital computer, it is 
difficult to d e t e r m i n e  h ow m a n y  ac c e l e r a t i o n  and d e c e l e r a t i o n  steps 
must be used in or d e r  to compl e t e  step sequence. In general a s ystem  
will need m o r e  a c c e l e r a t i o n  steps to a c h ieve a given v e l o c i t y  then d e ­
celeration steps to stop from that velocity. A  p r o g r a m  has been 
developed w h i c h  w o r k s  by inputing the n umber o f  a c c e l e r a t i o n  and 
deceleration steps needed, but m o r e  resea r c h  m u s t  be d e v o t e d  to this 
to perfect the method. A  trial and er r o r  p r o c e d u r e  is used, w h e r e  the 
number of a c c e l e r a t i o n  a nd d e a c c e l e r a t i o n  steps are inputs. D i f f e r e n t  
combinations can be tried until the seque n c e  is c o m p l e t e d  f or the 
desired total n u m b e r  of steps. When this is s a t i s f i e d  the sequence 
and times between steps is outputed, see f i g u r e  V I I -4.
The o p t i m u m  s e q u e n c e  as m e n t i o n e d  a b o v e  has some ve r y  unique 
properties. The o p t i m u m  sequence consists of a n u m b e r  of step commands 
spaced in time at unequal intervals w h i c h  c a u s e  the m o t o r  to a c c e l e r a t e 
and d e c e lerate rapidly. By c a u sing the last step to o c c u r  at the 
correct time, the m o t o r  will come to rest wi t h  no overshoot. This 
sequence is v a l u a b l e  in ap p l i c a t i o n s  w h e r e  the m o t o r  is r e p e a t e d l y 
asked to e x e c u t e  a fixed n umber of steps. S i n c e  there is no settling 
time, the system will be s t a t i o n a r y  imm e d i a t e l y  after the last step is
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executed allowing a n o t h e r  ope r a t i o n  to occur in a n y  overall s y s t e m  and 
eliminating a n y  settling time. In o r d e r  to do this e f f e c t i v e l y  the 
motor and load friction a nd damping and load torques m u s t  be constant.
Changes in these p a r a meters will a l t e r  the t r a j e c t o r i e s  and will m a k e  
the chosen sequence s u b o p t i m a l .
A very useful r e s u l t  fro m  this process, is that once a p a r t i c u l a r  
timing sequence is selected, the s ystem p a r a m e t e r s  m a y  be v aried in or d e r  
to determine w h e n  the s y s t e m  will no longer e x e c u t e  the sequence  
correctly or w i t h i n  the s y s t e m  s p ecificat ions, see f igure V I 1-5. Here 
a system was designed w i t h  an o p t i m u m  s e q u e n c e  f or given values of  
friction and damping. T h e s e  values can then be varied in d e p e n d e n t l y  
to find the effects on settling time. The s y s t e m  per f o r m a n c e  can now 
be predicted for c h a n g i n g  s y s t e m  parameters.
It is i n t e restin g to note that f e e d b a c k  m e t h o d s  used to get 
high slew rates a r e  based on a s t r a t e g y  s i m i l a r  to that shown in 
Figure V I 1-2. An e n c o d e r  is atta c h e d  to the m o t o r  w h i c h  emits a pulse 
when m o t o r  position equals zero or some ot h e r  fixed angle on the phase 
plane. If m o t o r  a c c e l e r a t i o n  w e r e  d e t e c t e d  and swi t c h i n g  ac c o m p l i s h e d  
at nearly zero a c c e l e r a t i o n  a m o r e  e f f e c t i v e  swi t c h i n g  stra t e g y  wo u l d  
be a ccomplish ed f or acceleration. The d e c e l e r a t i o n  stra t e g y  is mor e  
difficult as it is d e s ired to switch to the zero a c c e l e r a t i o n  point 
which occurs wh e n  the next phase ex c i t a t i o n  is energized.
7-C M a x i m u m  A c c e l e r a t i o n  Swi t c h i n g
A n o t h e r  strategy for obta i n i n g  fa s t  a c c e l e r a t i o n  times w o u l d  be to 
ma x i m u m i z e  the a v e r a g e  ac c e l e r a t i o n  ove r  o n e  step cycle. The m a x i m u m  
acceleration will occur wh e n  the m a x i m u m  t o r q u e  over that cy c l e  occurs.






EFFECT OF FRICTION AND DAMPING 
ON EXECUTION TIME
This can be found in a s i m i l a r  m a n n e r  as was the zero w o r k  curve.
F igure V I 1-6 is a plot o f  the static t o r q u e - a n g l e  curve for a 
four phase motor. The m a x i m u m  w o r k  for this curve w o u l d  o c c u r  for a 
step centered a round - 7^ ,  since that is the m a x i m u m  area. At any 
constant speed the d y n a m i c  t orque angle curve m a y  be found, see figure 
V I 1-7. As the speed is increased, the lag angle n e c e s s a r y  to m a x i m i z e  
the work will increased, thus a d y n amic analysis m u s t  be m a d e  to develop 
a strategy for o p t i m u m  time response. F urthermor e, the L/R time cons t a n t  
will effect the d y n a m i c  t orque wh i c h  will be c o n s i d e r e d  later.
The d e v e l o p m e n t  o f  the m a x i m u m  wo r k  curve will be based on the 
phase plane model wh i c h  neglects the ind u c t a n c e  but includes the effects 
of BEMF. If the m o t o r  is a s s u m e d  to be t r a v e l i n g  at a c o n s t a n t  velocity, 
then equation V I I -1 des c r i b e s  the r e l a t i o n s h i p  between the m o t o r  position 
and velocity as a function o f  time.
0 = 0T (VII-1)
In the s teady state the mechanical equation of m o t i o n  reduces 
to equation V I 1-2, w h e r e  T ^  is the torque a v a i l a b l e  to a c c e l e r a t e  the 
motor. Solving e q u a t i o n  V I 1-2 for the a c c e l e r a t i o n  torque and n o r m a l ­
izing the equa t i o n  as before results in e q u a t i o n  V I 1-3. The voltage 
equation for the s t a t o r  phase will r e sult in the n o r m a l i z e d  equation  
V 1 1-4, if the L/R time const a n t  is neglected. Thus the r e sulting  
normalized a c c e l e r a t i o n  t o r q u e  e q u a t i o n  is given by V I 1-5. Since this 
is an instantaneous t o rque at a p a r t i c u l a r  angle and speed, to get a 
m e a sure of the torque a p p l i e d  to the rotor by the s tator w h e n  a given 
phase is on some form o f  a v e r a g i n g  o r  i n t e gratin g m u s t  be used. The 
work done during one step period is an integral function and it can be
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found by integratin g equa t i o n  V I I - 5  over the step angle, w h e r e  0 O is
the lead angle at the b e ginning o f  the step, see equa t i o n  V I 1-6. For
some lead angle, 0 O , a m a x i m u m  for equa t i o n  V I 1-6 can be found f or any 
given constant speed.
TA  = - Kj i sin Ae - Be - (V I 1-2)
T a  Bo)n _ Tf .j
let Ta  = W  = ’ T f ' ’ 1 = ^
? A = - I sine - 2?0 - ( V I 1-3)
I = 1 + y0 sin 0 ( V I 1-4)
Kbo)n
wh e r e  * =
_ o p o
? A  = -sin© -yosin 0 -2^0 -T^ (VII-5)
60+tt/2
W O R K  = T A d0 (V I 1-6)
e D
A c o m p u t e r  p r o g r a m  was d e v e l o p e d  to simulate the above equations. 
The lead angle, 0 O , for a given velocity, 0, that resulted in the 
maximum w o r k  o v e r  tha t  step, was stored and p l o tted in the phase 
plane, see figure VII-8. Als o  p l o tted on figure V I I - 8  is the zero 
slope isocline, w h i c h  are the points of zero acceleration. A m o r e  
useful w a y  to r e present the m a x i m u m  w o r k  curve is to plot the swi t c h i n g  
angle to a c h ieve m a x i m u m  acceleration. This can be done e a s i l y  by 
adding the step size (tt/2) to the lead angle in figure VII-8, which 
results in figure VII-9. Note that a direct c o m p arison between s w i t c h ­
ing on the zero slope isocline and the m a x i m u m  work curve can n o w  be 
made.
It appears from figure VII-9 that a b e t t e r  swit c h i n g  strategy
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than the zero slope isoc l i n e  can be found. T he m a x i m u m  w o r k  curve 
could be dire c t l y  i m p l emente d in d e v e l o p i n g  an o p t i m u m  step sequence, 
by finding a m a x i m u m  n e g a t i v e  w o r k  curve, w h i c h  w o u l d  result in m a x i m u m  
deacceleration. H o w e v e r  for e v e r y  step executed, the step angle wo u l d 
have to be varied to find the m a x i m u m  w o r k  done. Since in d e v e l o p i n g 
a step sequence the me c h a n i c a l  equ a t i o n s  o f  m o t i o n  m u s t  be integrated 
versus time this w o u l d  b e c o m e  a ver y  l e n g t h l y  process. Thus an a p p r o x i ­
mate m e t h o d  for s t e p p i n g  on the m a x i m u m  w o r k  curve will be used.
A c o m p u t e r  p r o g r a m  was d e v e l o p e d  w h i c h  found the m a x i m u m  
accelerati on at each step and then e x e c u t e d  the next step at a fixed 
angle from the m a x i m u m  a c c e l e r a t i o n  point. This tries to a c h ieve a 
m a x i m u m  a v e r a g e  a c c e l e r a t i o n  o v e r  one step. Note that for the static 
torque-angle curve, m a x i m u m  a c c e l e r a t i o n  occurs at -ir/2 and one wo u l d  
want to switch at - tt/ 4 to a c h i e v e  m a x i m u m  torque. In o r d e r  to increase 
the f l e x i abili ty o f  the program, the switch angle, af t e r  m a x i m u m  
acceleration occurs, is an input to the program, so that it m a y  be 
varied to o p t i m i z e  the step p i n g  profile.
The results o f  such a o p t i m u m  sequ e n c e  are shown in figure VII- 
10, where a ten step s e q u e n c e  for a given s y s t e m  is executed. Note that 
the sequence steps on the s w i t c h i n g  line p r e d i c t e d  by the MWC, see 
figure V I 1-9-
7-D Experimental C o m p arison
In o r d e r  to v e r i f y  the o p t i m u m  sequ e n c e  programs and compare 
the two d i f f e r e n t  ramping techniques , an e x p e r i m e n t  test set up was 
used. A n i n e t y  d egree s t e p p e r  and a tachometer, to m e a s u r e  rotor 
velocity, was used wi t h  a v a r i a b l e  pulse length generator. S y s t e m
OPTIMUM STEPPING SEQUENCE OF 10 NSTPS 
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FOR MAXIMUM ACCELERATION
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parameters w e r e  m e a s u r e d  w i t h  the techniques disc u s s e d  earlier and 
the two computer prog r a m s  w e r e  used to find the o p t i m u m  step times for 
each method. Figure V I I -11 shows the step sequence given by the zero 
slope isocline method. In o r d e r  to c o m p a r e  these results w i t h  the 
experiment data the m o t o r  v e l o c i t y  versus d i m e n s i o n l e s s  time w as also 
plotted by the c o m p u t e r  program. This is shown in figure VII-12, 
note that between steps there is a d i s c o n t i n u i t y  in velocity. Figure 
VII-13 is a listing of the ti m e  between pulses f or each step. A  total 
execution time of 8 2 . 8  m s e c  is p r e d i c t e d  by the model.
The m a x i m u m  a c c e l e r a t i o n  t e c h n i q u e  w as then used to d e v e l o p  a 
ten step s e q u e n c e  for the same system. Figure V I I - 1 4  is the phase 
plane stepping seque n c e  for the m a x i m u m  a c c e l e r a t i o n  technique. Figure 
V I I -15 shows the v e l o c i t y  p r o file f or the same sequence, note that in this 
method the v e l o c i t y  p r o f i l e  is s mooth between steps, e x cept for the top 
fitting step. Figure V I I -16 is the listing the stepping periods, w h e r e  
the total e x e c u t i o n  time has been r e d uced to 78.4 msec.
Both seq u e n c e s  w e r e  pro g r a m m e d  into the experimental set up and 
the velocity profiles w e r e  d i s p l a y e d  on a s t o r a g e  scope. F i g u r e  V I I -17 
is a p h o tograph o f  the v e l o c i t y  p r o file and the pulse sequence used, 
shown as a series of dots in the upper part o f  the trace. T h e  lower 
photograph is the ZSI m e t h o d  response, w h e r e  the total e x ecution time 
is a p p r o x i m a t e l y  8 0  mse c  less the small a m o u n t  o f  overshoot. The 
upper picture is the v e l o c i t y  profile gi v e n  by the m a x i m u m  a c c e l e r a t i o n  
method, w h e r e  the e x e c u t i o n  time is reduced to less than 80 msec, but 
the ove r s h o o t  on the last step is c o n s i d e r a b l y  greater. This s h o u l d  be 
easily reduced by c h a n g i n g  the timing of the t r a n sition pulse. By 
changing the s e v enth pulse, the v e l o c i t y  profile was m o d i f i e d  to that
OPTIMUM STEPPING SEQUENCE OF 18 KSTPS 
FORWARD STEPS- 7 BACKWARD STEPS- 2 
ZETA® 8.88188 GAMMA® 8.24788 FRIC® 0.86G88 LOAD® 0.08888
l.S 2.0-2.8 -l.S -1.8 -8.S 8.8 . 8.S 1.0
FIGURE V II-11 
ZERO SLOPE ISOCLINE 
TEN STEP OPTIMUM SEQUENCE
ZETA a .Bale TF a .8650 GAMMA a .2478




OPTfflifl STEPPING SEQUENCE OF 18 NSTPS
FORUAI® STEPS- 7 BACKWARD STEPS- 2
ZETA= 8.88188 GM*#= 8.24788 FRIC= 8.86588 LOAO= 8.88888
TIESE ARE YOUR TIHES BETWEEN EACH STEP
DBBSJONLESS PERIOD PERIOD Hi SECOfOS
STEP# 1* A AMttA 8.88888
STEP# 2s 2.81888 8.81733
STEP# 3= 1.85868 8.88985
STEP# 4s A MAAA 8.88724
STEP# 5s 8.74888 8.88638
STEP# 6s 8.67888 8.88578
STEP# 7a 8.62888 8.88534
STEP# 8= 1.12888 8.88966
STEP# 8s 8.82888 8.88787
STEP# 18* 1.74888 8.81588
TOTAL 9.61888 8.88284
FIGURE VII-13
STEPPING PERIODS FOR SEQUENCE
0PT3JWM STEPPING SEQUENCE OF 10 NSTPS 
FORWARD STEPS- 7 BACKWARD STEPS- 2
ZETA® 0.08100 GANNA** 0.24700 FRIO 0.06600 
LOAD** 0.80880 XLEAD** 8.38888
FIGURE V II-14 
MAXIMUM ACCELERATION FOR 
TEN STEP SEQUENCE
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XUEAP* .9888 ZETA a .8818 TF a .8668 GANNA » .2478 
UN - 116.88 NSTPS « 18 FNT3N « 8.188
8 1862 48
wnt
FIGURE V II-15 
VELOCITY PROFILE
OPTIMUM STEPPING SEQUENCE OF 18 NSTPS
FORWARD STEPS- 7 BACKWARD STEPS-
ZETA- 8.88188 GAMMA9 8.24788 FRIC9 8.86588 
LOAD9 8.88888 XLEAD9 8.98888 
THESE ARE YOUR TIMES BETWEEN EACH STEP
DIMENSIQNLESS PERIOD PERIOD IN SECONDS
STEP# I9 O.wiwo 8.88888
STEP# 2= 1.49888 8.81284
STEP# 3= 8.96888 8.08828
STEP# 4= 8.83888 8.88716
STEP# S9 8.67888 0.88578
STEP# 6s 8.61888 0.88526
STEP# 79 8.58888 8.88588
STEP# 8* 1.47888 8.81267
STEP# 9s 1.04888 0.88897
STEP# (89 1.45888 8.81258
TOTAL 9.18888 8.87845
FIGURE V I I - 16






shown in figure V I 1-18. The exec u t i o n  time is n o w  72 mse c  and the o v e r ­
shoot is minimal.
Two methods for d e v e l o p i n g  o p t i m u m  s equences a r e  given and e x p e r i ­
mentally verified. The m a x i m u m  a c c e l e r a t i o n  m e t h o d  y i e l d e d  better p e r ­
formance but some m o d i f i c a t i o n  o f  the stepping periods was needed. In 
any system there will be i n d uctance wh i c h  has been negl e c t e d  in this 
model, but could be added to it. A  m o r e  c o m p l e x  model s hould be used 
when the system being d e signed, is going to be o p e r a t e d  in the slew 
range of the d r i v e r - m o t o r  and load. A l t h o u g h  the resu l t i n g  model for 
including i n d u ctance will be third order it is still possible to plot 
the trajectories in the phase plane, but they m i g h t  cross each other.








MODIFIED MAXIMUM ACCELERATION 
SEQUENCE PROFILE
CHAPTER VIII
A P P L I C A T I O N  A N D  DESIGN METHODS 
8 -A Introduction
The ap p l i c a t i o n s  o f  stepping m o tors have been extended to m a n y  
areas; comp u t e r  peripheral s, process controls and m a c h i n e  tools.
Almost every s ystem d esign using step p i n g  m o t o r s  has d i f f e r e n t  r e ­
quirements. Driving large inertias, lifting weights, short s t a rt-stop 
sequences, slewing speeds requiring position a c c u r a c y  and repeated 
step sequences are ju s t  a few examples. Since m o s t  manufacturers' 
data supplied is o b t a i n e d  from a m o t o r  with a given type o f  load, 
driver and sequence, one m u s t  be able to e x t r a p o l a t e  from the data to 
predict how the m o t o r  will perform for the s ystem being designed.
One of the m o s t  d i f f i c u l t  c h o ices in the a p p l icatio n of 
stepping motors is the initial s e lection of w h a t  size m o t o r  to use.
One can always pick a l a rger size m o t o r  than is necessary, but that 
results in extra cost, a l arger d r i v e r  and power s upply and mor e  space 
may be needed for a l arger frame size motor. M a n y  dif f e r e n t  schemes 
have been used to s elect motors, based on the sta r t - s t o p  curve, slew 
curve, or a c c e l e r a t i o n  capability. The p r o blem with these a p p roaches 
is that the dr i v e  and load used by the m a n u f a c t u r e r  is often not 
specified and in a ny ca s e  will not be the same as the s ystem that is 
to be designed. In a c c e l e r a t i o n  m e t h o d s  using the m o t o r  and load 
torque to inertia ratio, one m u s t  be careful to use the correct 
torque. The m a n u f a c t u r e r ' s  value for peak torque is u s u ally s p ecified
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with two phases energized. If single phase e x c i t a t i o n  is to be used 
this value must be d i v i d e d  by /2" for a 4 phase motor.
A  m e t h o d  for sele c t i n g  a m o t o r  will be d e s c r i b e d  w h i c h  is
based on the peak t orque and the total friction of the system. The 
reason for this c h oice is that the static a c c u r a c y  s p e c i f i c a t i o n  can be 
satisfied and then the phase plane model can be used to p r e dict if the 
selected motor will m e e t  the speed and time requirements. One d r a w ­
back to this m e t h o d  is that the friction o f  the proposed s y s t e m  mus t  
be known, thus a p r o t o - t y p e  or a previous s ystem m u s t  be c o n s t r u c t e d  
to predict the friction values.
8-B S y s t e m  Re q u i r e m e n t s  and M o t o r  Sel e c t i o n
A proposed stepping m o t o r  a p p l i c a t i o n  will be p r e s e n t e d  to 
select a m o t o r  from the m a n u f a c t u r e r ' s  data. The phase plane model 
will then be used to p r e dict and opti m i z e  the d r i ving sequence to be
used in the desi g n e d  system. The app l i c a t i o n  is c a r r i a g e  line feed
system for a c o m p u t e r  terminal. The d e s ired system has to line feed 
one to six copies of f i f t e e n - i n c h  wid e  paper that is c o n t i n u o u s l y  fed 
through the machine. Line feeds are expec t e d  to be 1/6 + .005 inches 
apart on the paper and have to be exec u t e d  w i thin .020 seconds.
Further, special control characters al l o w  e i g h t - l i n e  and f i f t y-line  
feeds as fast as possible. The m o t o r  is expected to o p e r a t e  from the 
existing 12-volt power source with a m a x i m u m  c u r r e n t  o f  1.5 amps.
Initial data n eeded for the s ystem is the required step angle 
and load friction. T he stepping m o t o r  is to be c o u pled to the load by 
gears, see figure VIII-I. T he load is r e p r esente d here by a cylinder, 









SEAR 2 LOAD INERTIA
figure vnr-i
CARRIAGE LINE FEED SYSTEM
ro-p»
CO
allows two degrees of f r e e d o m  in the design. First the m o t o r  step 
angle is governed by the gea r  ratios and the requ i r e d  m o t i o n  o f  the 
carriage. The gea r  ratio is specified by R-j and Rg as shown in 
Figure V I I I - I . Since a fou r  phase m o t o r  will be used, a twelve step 
sequence could be used to mov e  the required 1/6 of an inch. This has 
the advantage in that, the same phase will be e n e r g i z e d  during p r i n t ­
ing to minimize error d i f f e r e n c e s  between phases. The relation b e ­
tween step angle and l i near d i s p l a c e m e n t  is given in equa t i o n  V I 1 1 -1.
the load by the square o f  the ge a r  ratio, see equation V I I I -2. By 
varying tractor drive radius Rg d i f f e r e n t  ge a r  ratios can be used. 
Added inertia will lower the m a x i m u m  stepping rates o f  a given motor,  
so it is often d e s i r a b l e  to r educe the r e f l e c t e d  inertia to a m i n i m u m  
where system speed is important. Increasing inertia will decr e a s e  the 
system damping ratio to cause longer tr a n s i e n t s  and will decrease the 
system's natural f r e q u e n c y  to cause slower speeds. The calculated 
inertia, , of the c a r r i a g e  is given in equation V I I 1-3.
e - a b s o l u t e  angle in degrees 
es - step angle in degrees 
X - l i n e a r  d i s p l a c e m e n t  
Rg - p a p e r  t r a c t o r  d r i v e r  radius
(VIII-1)
Seco n d l y  the g e a ring can reduce the r e flected inertia, I^q , of
( VIII-2)
I .01 oz in sec 2 ( V I I 1-3)2
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Eastern Air  Devices, Inc.
PERMANENT MAGNET STEPPING MOTOR 
1.8°-5°-7.5°
SIZE 23
2 -7 /3 2 "
D i a m e t e r
FIGURE VHI-2
EAD Size 2 3  p e r m a n e n t  m a g n e t  DC s t e p p i n g  m otors  a r e  prec is ion bi* 
direct ional  dev ices  with pos ition ac cu racy  o f  ± 3 %  noncumulafive.  
Motors  o r e  to ta lly enc losed  with p e r m a n e n t l y  l u b r i c a t e d  b a l l  b e a r i n g s .  
S t a n d a r d  motors  h a v e  6 l e cd s .  Moto rs  with  5  o r  8 l e a d s  c a n  b e  fur­
nished  to m e e t  existing  app l ica t ions .
P E R F O R M A N C E  D A T A  -  4  P H A S E  STEPPING M O T O R
STEP RATED | CURRENT RESISTANCE INDUCTANCE N O M IN A L HOLDING RO TO R WEIGHT DIM 01M
MODEL ANCLE VOLTAGE I PER PHASE PER PH A SE PER PHASE RATED TORO U E T O R Q U E INERTIA O Z . “ A " ” 8 "
NUMBER _°£G. VDC ! A M P O H M S MILLIHENRIES O Z .-IN . O Z .-IN . G M -C M 1 ___ 1___
U 2 3 A C < t 1.8 6 1 0 .8 8 5 .4 7 45 7 0 1 20 2 0 2 % 'Mi
LA23ACK-2 1.8 •2 1 0 .4 4 21 29 45 7 0 1 2 0 2 0 214
IA 23ACK -3 1.8 2 4 i 0 .2 2 8 0 1 0 0 4 5 7 0 1 2 0 2 0 2 % ’Mi
LA236CK-1 1.8 5 .4 1.5 3 .5 12 6 5 9 0 2 0 0 3 2 3 '/ l 'Mi
LA23ECK-3 1.8 1.3 ! 3 .9 0 .3 3 0 .6 3 35 5 3 8 7 2 0 2 ’Mi
LA23ECK-4 1.8 5.1 i 1.0 5.1 10 35 5 3 8 7 2 0 2 'H i
LA23BCK-9 1.8 1.7 ! 4 .7 0 .3 7 0 .8 6 5 1 0 0 2 3 4 3 2 3 ’Mi
LA236CK-10 1.8 4.3 1 1.8 2 .6 5 .7 6 5 1 0 0 2 3 4 3 2 3 'Mi
U 23 D G K -'. 1.8 2 .2 ! 4-6 0 .4 8 1.2 1 0 0 1 5 0 3 2 0 4 4 4 'Mi
U 2 3 D G K -2 1.8 3 .4 | 2.9 1 .1 6 2 .9 1 0 0 1 5 0 3 2 0 4 4 4 •Mi
LA23BCW -I 5 5 .4 I 1.5 3 .5 8 3 0 4 5 2 0 0 3 2 3 % 'M*
LA23ACY-1 7 .5 12 0 .4 4 21 25 15 3 0 12C . 2 0 2 V* ’M*
U 23E C K -8 1.8 28 | 0 .3 0 8 0 7 2 2 3 3 0 5 7 12 I '/S 'Mi
if .
jjoct i i  i - r n r r h  uTncw.
- z i v o j h J   ..............  v  i . r t r ; r ? : t ‘ 7. j* t
hrrntiwJJicic-i L*71ACHJ
M M ! 1mm
iM .v t . W .  P- tD JR ECilO N AL C H P . A C T E R I S T I C S  f S T A P T - S T O P j
' i*37«rir9*
, - 71 V»»
•tKHF/'irnr..,.v.N_#a. ... -
tSjj i i f  11 jfllil 
mi Wmi 1111
SPEED (STEPS SEC.)
4 P H A S E  S I E P P l f lC  M O T O R
SWfTCMINO SEQUENCE FOR 
CW ICAO END ROTATION
puIfflLw
C O N N E C T I O N  D I A G R A M S
2  P H A S E  S T E P P IN G  M O T O R
SWITCHING SEQUENCE FOR 




An est i m a t e d  m a x i m u m  friction for the s y s t e m  is 10 oz-in, 
based on previous designs. The stepping rate r e q u iremen t is twelve 
steps in .020 seconds or a a v e r a g e  o f  600 steps per second if th e r e  is 
no transient on the last step. For a given gea r  ratio a m o t o r  can now 
be selected from figure VIII-2 and tested to see if it meets the 
system requirement. The m o t o r  has to be selected so its c u r r e n t  
rating is w ithin the required value o f  1.5 amps and wit h  a series 
resistance it can be d riven from the 12-volt a vailable source. First 
picking a m o t o r  step angle of 1.8 degrees and given a commercial 
tractor set that has a d i s p l a c e m e n t  of four inches per revolution,
(R3 = 2/tt -j^) the ratio can be found from equation VIII-1,
R2/ R ] = 1.44.
The a n g u l a r  e r r o r  has two components, one due to friction and 
the other due to m a n u f a c t u r i n g  tolerances. Because of the m e a s u r i n g  
method used by the m a n u f a c t u r e r ,  the t olerance is mad e  up of mechanical 
tolerances and the m o t o r  friction. From Equation VIII-1 the total 
error may be c a l c u l a t e d  assuming a 5% m a n u f a c t u r e r i n g  error. Since, 
the desired s y s t e m  e r r o r  is given, and friction is known, equation 
V I 1 1-4 may to re a r r a n g e d  to solve for the peak torque, T , n eeded to 
meet the s ystem r e q uiremen ts, see equation V I I 1-5. From equation  
V I 1 1-5 and the s y s t e m  speci f i c a t i o n s  that X = .005 the a n g ular er r o r  
would be, 0error = -51 degrees. Thus a m i n i m u m  peak l^orque of Tffl = 28 
oz-in is needed to insure the static a c c u r a c y  of the system.
Error I stn_1 < W  + -05 e s (VIII-4)
T,m  s i n ( A ( e E r r -r .05 e s )) (VIII-5)
The positionin g time req u i r e m e n t  for the system m a y  be tested 
by selecting a m o t o r  from figure VIII-2 and running a simulation for 
each motor that me e t s  the static a c c u r a c y  requirement. A n o t h e r  m e t h o d  
is to estimate the torque n e eded to a c c e l e r a t e  the given load in the 
required time. An a p p r o x i m a t e  m e t h o d  for this would be to a ssume a 
constant a ccelerati on and d e c e l e r a t i o n  for the step sequence. For 
this assumption, the v e l o c i t y  and p ositions are given by equations 
V I I 1-6 and V I I 1-7. If it is assumed that the velocity profile is 
triangular with an equal n u m b e r  of a c c e l e r a t i o n  and decelerati on 
steps, then the a c c e l e r a t i o n  m a y  be found from equation V I I 1-7 for six 
acceleration steps in 10 msec, which is half the execution time
S u bstituti ng position and time into equation V I I 1-7 y i e l d s  the 
acceleration. T h e  peak v e l o c i t y  m a y  be found from equation V I I I -6.
If damping BEMF and friction are n e g l e c t e d  in the mechanical equation 
of motion, the a c c e l e r a t i o n  can be related to the torque to inertia 
ratio, see equation V I I 1-8. Table VIII-1 is a listing of the possible 
motors that are a p p l i c a b l e  to this design. In comparing the torque to 
inertia ratios, from T a b l e  VIII-1, all three motors appear to be about 
the same and s a t isfy the static a c c u r a c y  and a ccelerati on r e q u i r e ­
ments. This same m e t h o d  could be used for two phase or four phase 
on at a time ope r a t i o n  as long as the m o t o r  was being full stepped.
For half stepping, the peak torque will vary every other step, so the 
peak torque choice is not obvious.






Mo t o r  Voltage Current
Motor Selection Chart
y / Volts \ Peak Torque 
trRad/sec' One phase on
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Kb ' sec '
LA23ECK-4 5.1 1.0 .265 37.5 1 .24xl0"3 18,500 1441
LA23ACK-1 6 .88 .397 49.5 1 . 7 xl0"3 19,880 962
LA23BCK-1 5.4 1.5 .299 63.6 2 . 8 5 x 1 0 " 3 17,472 1277
a = 3770 R a d / s e c 2 
V = 37.7 R a d / s e c  = 1200 s teps/sec 
T/J = a = 37 7 0  R a d / s e c 2 (VII1-8)
The p r o b l e m  w i t h  s e l e c t i n g  a m o t o r  by the t orque to inertia 
ratio is that the m o t o r  can not p r o vide a c o n s t a n t  torque, that is, 
the torque angle curve is sinusoidal and ther e f o r e  d e p e n d e n t  on angle. 
Furthermore, its m a g n i t u d e  is d e p e n d e n t  on the c u r rent through that 
winding. For a v o l t a g e  drive, the BEMF voltage will limit the high 
speed b e h a v i o r  o f  the motor. Equation V I I I - 9  is the electrical equation, 
n e g lecting inductance, for an e q u i v a l e n t  s t a t o r  phase circuit. For a 
lag angle o f  -tt/2, the B E M F  v o l tage will be a maximum, thus this will 
be the w o r s t  case. Equat i o n  V I I I - 9  can now be solved for the velo c i t y
at wh i c h  the c u r r e n t  is zero, see equa t i o n  VIII-10, for a p a r t i c u l a r
motor (LA23ECK-4). T he m a x i m u m  speed prediced by e q u a t i o n  V I I I - 1 0  is 
given in Table VIII-1 for the three m o tors considered.
V s = Ri - Kb e sin Ae (VIII-9)
5 = V s / K b = 4 5 . 2 8  | | f =  1441 | | |E  (VIII-10)
Note that the m a x i m u m  speed values are d e t e r m i n e d  by supply 
voltage V g and m o t o r  BEMF. Since these values are very close to that 
given by equa t i o n  V I I 1-8, and b e c a u s e  of friction and d a m p i n g  the 
system will prob a b l y  not be able to attain these speeds.
A b e t t e r  w a y  o f  r e p r e s e n t i n g  the m a x i m u m  speed is to plot the 
zero sl o p e  isocline and ze r o  w o r k  curve for each of the motors. Using 
the pred i c t e d  values of friction and damping, the dimens i o n l e s s 
parameters for the three m o t o r s  are given in Ta b l e  V I I 1-2. Using
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these numbers, the zero slope isoclines for the th r e e  m o t o r s  m a y  be 
found, see figures V I I 1-3 through V 1 1 1 -5.
Since all three m o t o r s  have a p p r o x i m a t e l y  the same speed 
capabilities, the lowest t orque m o t o r  will be used (LA23ECK-4). A 
twelve volt L/R Drive, e n e r g i z i n g  one phase at a time, with cons t a n t  
stepping periods, will be utilized for the t welve step sequence.
Using a c o m p u t e r  simulation , the stepping period was varied to m i n i ­
mize the e x ecution time. Figure V I I 1-6 is the result of the pred i c t e d  
minimum time response given by a d i m e n s i o n ! e s s  stepping period o f  WNT  
= 1.3, this c o r r e s p o n d s  to 740 step/sec. The exe c u t i o n  time, F N T I M  = 
20.26, is 21 mse c  w h i c h  is one mse c  l onger than that desired. For 
these system parameters an o p t i m u m  sequence, as d i s c u s s e d  before, is 
not possible as the c o m b i n a t i o n  of friction and BEMF is large enough 
to cause the first back w a r d  step to go h igher than the m a x i m u m  
velocity of the system. This can be seen by looking at the phase 
plane step sequ e n c e  for this m o t o r - d r i v e - l o a d  system, see figure VIII- 
7. Since the s y s t e m  can n ot acc e l e r a t e  to this v e l o c i t y  n e eded to land 
on the t r a j e c t o r y  that w o u l d  produce m i n i m u m  o v e rshoot, this stra t e g y  
will not work for this system. Ot h e r  methods, such as putting a 
backward step at the a p p r o p r i a t e  time, could wor k  for a s y stem like 
this.
One w a y  to get b etter pe r f o r m a n c e  from this s y stem is to build 
a chopper drive to reduce the effects of the BEMF voltage. If a large 
enough drive voltage is used for the speed range that the m o t o r  will 
be driven in, then the BEMF para m e t e r  gamma can be a s s umed to be zero.
Figure V I I I - 8  shows the resulting phase plane o p t i m u m  step 
sequence for a c u r r e n t  drive. The exe c u t i o n  time has been reduced to
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9.9 msec, shown by the v e l o c i t y  profile, see figure V I I I -9. Thus the 
system speed has been i n creased by a f a c t o r  of two. The drive voltage 
necessary to provide c o n s t a n t  c u r r e n t  at m a x i m u m  speed can be found 
using equation VIII-10. The m a x i m u m  speed from figure V I I I -9 is 2450 
steps/sec, being c o n s e r v a t i v e  a m a x i m u m  value o f  5000 steps per second 
will be used. Thus the d r i v e  v o l tage should be 42 volts, see equation 
VIII-11.
V = Kfa0 = (.265 V o l t s / R a d / s e c ) ( 1 5 . 9
(VIII-11)
V = 42 volts
8-C S u m mary
A process o f  m o t o r  selection and i m p l e menta tion has been 
presented. M a n y  m e t h o d s  can be used to select a motor, but since mos t 
ignore the stator c i r c u i t  e q uations and the d y n a m i c  performanc e, an 
approach based on static a c c u r a c y  should be su f f i c i e n t  for a p r e l i m i n a r y 
motor selection. Once the peak torque is sele c t e d  for static accuracy, 
simulation o f  the p r o p o s e d  s ystem can p r e d i c t  peak v e l o c i t y  and e x e ­
cution times for given sequences. Fur t h e r m o r e  s ystem friction, d a m p ­
ing and inertia m a y  be v aried to i nvestigat ed changes in system 
performance.
Based on the s i m u lation results, s y stem changes or drive 
changes m a y  be m a d e  to insure the desired d e sign goals. T h e s e  m e t hods 
can help to eli m i n a t e  marginal designs and improve system performance. 
Most importantl y they can reduce design time and pr o t o - t y p e  costs as 
the hardware trial and er r o r  procedure is eliminated.
XUEAD* .9808 ZETA « .8818 TF *» .2788 GAMMA 






CO N C LUSION S
9-A Summary
The basic step p i n g  m o t o r  has rema i n e d  a lmost unch a n g e d  since its 
conception, wit h  but m i n o r  v a r iations in design. Since the advent of  
the transistor, the m a r k e t  for steppers has grown considerably. S t e p ­
pers are used in a p p l i catio ns ranging fro m  c o m p u t e r  terminals to x-y 
plotter axes drives. The m o t o r s  are ideal digital to d i s p l a c e m e n t  c o n ­
verters.
A m a j o r  p r o blem with steppers has been the lack o f  knowledge  
about the methods of m o t o r  stepp i n g  failure. This has hamp e r e d  design 
efforts in the past and r e s t ricted the use o f  steppers to re l a t i v e l y  low 
technology, non-critical applications. In critical a p p licatio ns, it 
has led to exte n s i v e  experiment al d e v e l o p m e n t  programs.
M a n y  have a t t e m p t e d  to model the stepper, but the m a j o r i t y  of 
mathematical m odels now a v a i l a b l e  are too complex to apply e a s i l y  to a 
practical system. The model pres e n t e d  herein, on the ot h e r  hand, is a 
second o r d e r  model wh i c h  can be c o m p l e t e l y  c h a r a c t e r i z e d  on the phase 
plane. The model is c o n s t r u c t e d  from basic physics and a knowledge of 
the shape of t o r q u e - a n g l e  curve. It has been d e v e l o p e d  for current 
drives, assu m i n g  a small L/R time constant. It m ay be m a d e  co n s i d e r a b l y  
more complex to desc r i b e  nonsinusoi dal t o r q u e - a n g l e  curves and n o n l i n e a r  
relationships between t o r q u e - a n g l e  curves and phase currents. However,
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often this is not n e c e s s a r y  and the basic model given here will be s u f ­
ficient for m o s t  applications.
By plotting solutions to this model on a phase plane it is p o s ­
sible to obtain a global picture o f  stepping m o t o r  behavior. Modes of 
failure, o p t i m u m  step p i n g  sequences, and general trends can be e a sily 
identified and utilized by use of this solution d i s p l a y  technique.
Sepatrices, trajec t o r i e s  which divide the phase plane up into 
regions, pass through ev e r y  unst a b l e  e q u i l i b r i u m  point. Th e s e  curves 
form the boundaries for o p eration w i t h o u t  failure, and any failure of 
the s t e pper to e x e cute the d e s ired n u m b e r  of steps is d i r e c t l y  a t t r i b ­
uted to cross i n g  a sepatrix. D u r i n g  stepping, the m o t o r  shifts in d i s ­
placement in the phase plane, an amount equal to the step size. This 
is the m e c h a n i s m  o f  sepat r i x  crossing.
The model has been shown to fit actual data wit h  a c c eptable a c ­
curacy for all areas of oper a t i o n  w h e r e  a const a n t  c u r rent drive a s ­
sumption is valid. The model predicts slewing speed, as well, until the 
L/R time cons t a n t  approaches phase "on" time. Since the model predicts 
the beha v i o r  of a stepper, it can be used to dete r m i n e  o t h e r  properties  
of the motor.
O p t i m u m  stepping sequences m ay be c o n s t r u c t e d  for any m o t o r  and 
are a d i r e c t  result o f  the phase plane analysis. Th e s e  s e quences have 
m i n imum response time and no o v e r s h o o t  or o s c i llatio n at the completion 
of the sequence. Th e y  are useful in m a n y  a pplicatio ns w h e r e  a fixed 
number o f  steps is rep e a t e d l y  being executed. An o p t i m u m  sequ e n c e  m ay 
be found for any n u m b e r  o f  steps.
This model provides c o n s i d e r a b l e  insight into all facets of  
stepping m o t o r  b e h a v i o r  and expl a i n s  failure as the cross i n g  o f  the
sepatrix. The model has been e x p e r i m e n t a l l y  v e r i f i e d  for a p e rmanent 
magnet stepper and can be used for any PM s t e p p i n g  m o t o r  w h e n  the 
torque-angle curve is provided. By using the phase plane it is possible 
to determine global m o t o r  b e h a v i o r  w h i c h  leads to a b etter un d e r s t a n d i n g  
of stepping m o t o r  b e h a v i o r  as a whole.
M o r e  wo r k  m u s t  be done on this subject, not only in de t e r m i n i n g  
better applicatio n tec h n i q u e s  using this model, but also in the design 
and d e v e lopmen t o f  the " o p t i m u m  step p i n g  motor". P r e sent c u r rent drives 
are better than v o l tage drives, however, o p t i m u m  drive schemes m u s t  be 
developed for use in high p e r f o r m a n c e  systems. The zero w o r k  curve, 
which includes i nductive effects, provides i n s ight into drive e f f e c t i v e ­
ness and a me a n s  for c o m p a r i n g  d r i v e r  performanc e. There are m a n y  a s ­
pects o f  s t e p p e r  d esign and a p p l i c a t i o n  w h i c h  m u s t  be r e - e v a l u a t e d  in 
light o f  this e x t e n s i o n  o f  the phase plane. D e s i g n e r s  can save time 
and money by using the model and the phase plane approach for design 
evaluation instead of the p r e s e n t  m e t h o d s  of trial and error.
The step p i n g  m o t o r  will n e v e r  replace the DC servo s y s t e m  in 
many applications, nor s h o u l d  it, but it will always remain an in e x ­
pensive, reliable ins t r u m e n t  of incremental m o t i o n  control. When very 
high performanc e s y s tems are to be designed, that is, m o t o r  speeds that 
are near the m a x i m u m  s l e wing c a p a b i l i t y  of the driver, then it is 
necessary to include the v o l t a g e  equ a t i o n s  in the model, altho u g h  this 
makes the model third order, the result m a y  still be r e p r esente d 
graphically on the phase plane using the zero w o r k  curves. F u r t h e r ­
more, the o p t i m u m  sequ e n c e s  are still valid for this case and are a 
very useful design tool.
CHAPTER X
FUTURE W O R K
In stepping m o t o r  systems w h e r e  the i n d uctance effects become 
significant, the second or d e r  model d e v e l o p e d  is not accu r a t e  e nough to 
represent the step p i n g  process. As was seen in C h a p t e r  IV one can model 
the driver e l e c t r o n i c s  wi t h  a first o r d e r  equation, for the voltage 
drive. When using c o m p u t e r  s i m u l a t i o n  t e c h niques the same e q uations can 
be modified s l i g h t l y  to rep r e s e n t  the c u r r e n t  or c h o p p e r  driver. As was 
shown in A p p e n d i x  B, the mechanical equation of m o t i o n  and the electrical 
equation can be solved si m u l t a n e o u s  to y i e l d  a third or d e r  s y s t e m  response. 
The response to any step sequ e n c e  for this third o r d e r  s ystem m a y  be p r o ­
jected on the phase plane, wh i c h  will y i e l d  results s i m ilar to that p r e ­
viously shown. In C h a p t e r  IV a step seque n c e  was plotted in the phase 
plane by defin i n g  a new state variable, wh i c h  was the angle of the rotor 
minus the angle of the flux d e n s i t y  v ector in the air gap. When a step 
command was given to the motor, since the c u r r e n t  rise time was a s s umed 
instanteous, the flux d e n s i t y  v e c t o r  s h i fted i n s t a n t a n e o u s l y  by one 
step, thus the t r a j e c t o r y  in the phase plane shifted i n s t a n t a n e o u s l y  to 
the right at each input positive step command, or to the left for a 
negative step command, see figure X-l.
For a large n u m b e r  of drives flyback diodes and high voltage 
transistors are used w i t h o u t  the shut o f f  time for the c u r r e n t  in any 
phase is a l most instanteous. The p e n alty paid for this instanteous 
shut-off is that there is a very large v o l tage spike d e veloped across
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the power transistor. This is w h y  such drives require t r a n sister s wit h  
high voltage ratings, w h i c h  gen e r a l l y  have h i g h e r  costs. F o r  instanteou s 
current shut - o f f  and a given current rise time, the flux d e n s i t y  v e ctor 
direction changes i n s t a n t a n e o u s l y  because the c u r r e n t  is shut o f f  suddenly, 
but the flux d e n s i t y  v e c t o r  m a g n i t u d e  increases p r o p o r t i o n a t e l y  with  
the current in the on winding. The current w a v e f o r m s  for each o f  the 
four stator phases d uring a four step sequence, d r i v i n g  one phase on at 
a time, are shown in f igure X-2. The c o r r e s p o n d i n g  four step sequ e n c e  
projected in the phase plane is shown in figure X-3 (note that the 
trajectory is shifted back i n s t a n t a n e o u s l y  at each step b e c ause o f  the 
sudden t u r noff in the w i n d i n g  current).
In order to avoid d amage to power t ransistor s, because o f  high 
voltage s h u t - o f f  spikes, some drives i n c o rporat e flyback diodes around 
the stator w i ndings, see f igure X-4. For this type of drive, w h e n  the 
transistor is t urned off, the c u r rent in the w i n d i n g  decays through the 
flyback diode. Thus, for this case, the flux d e n s i t y  v ector dir e c t i o n  
does not change i n s t antane ously, but is d e p e n d e n t  on the v e c t o r  sum of 
the currents in the w i n d i n g  being turned o f f  and the w i n d i n g  being 
turned on. F u r t hermor e the BEMF voltage g e n e r a t e d  in the w i n d i n g s  
causes a current to flow in the wind i n g s  through the diodes, whe n  the 
transistor is off. The c u r r e n t  wave f o r m s  for each o f  the four s tator 
phases during a four step sequence using f l y b a c k  diodes across the 
windings, are shown in figure -X-5. When the step sequ e n c e  for this 
drive is projected onto the phase plane the t r a j e c t o r y  no longer shifts 
instantaneously at input step commands, but follows a path d i c t a t e d  by 
the change in d i r e c t i o n  o f  the flux d e n sity vector, see figure X-6.
By p r o jecting the solutions of the third o r d e r  model for the
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stepping motor, w h i c h  includes the inductive effects, onto the phase 
plane one can use the g r a p h i c  o u t p u t  to d e t e r m i n e  the s y stem response to 
a input command sequence. At low speeds the current transients are 
over quickly and the p r o j ection from the three space is n early the same 
as the phase plane. At high speeds the inductance effects s i g n i f i c a n t l y  
change the form of the response. This is also true for drive systems 
where the c u r rent rise time due to the L/R ratio is a si g n i f i c a n t  portion 
of the stepping period. Figure X-7 shows the four phase currents w h e r e  
the L/R time c o n s t a n t  is ten times that used to generate figure X-5.
Figure X -8 is the res u l t i n g  step sequ e n c e  in the phase plane, w h e r e  the 
trajectories are s i g n i f i c a n t l y  d i f f e r e n t  from that shown in figure X-6.
By organizing the third order solutions in this phase plane one can, 
as before, identify step s e q u e n c e  failure modes and ways of p r e venting  
such failures. One such failure mod e  occurs at the sta r t - s t o p  rate for 
a few steps, see figure X-9. Here the m o t o r  input step commands are 
stopped when the s y stem is above a sepatrix and as was shown in the 
phase plane model, the m o t o r  will gain four steps for this situation.
By included inductance in the stepping m o t o r  model, it may n ow be possible 
to determine the high speed failure modes, wh i c h  could not be predicted  
by the previous model.
As before one can d esign o p t i m u m  step sequences by using one of 
the given a c c e l e r a t i o n - d e c c e l e r a t i o n  schemes from C h a p t e r  Seven. Some 
additional c o m p utatio n will be n e c e s s a r y  for o p t i m u m  sequences since the 
flux density v e c t o r  d irection does not change instantaneously. A 
different m a t c h i n g  t e c h n i q u e  will have to be used between the 
acceleration and d e c e l e r a t i o n  steps, since backwards integratio n of the 
current is not practical. One m i g h t  pick the o p t i m u m  sequence by match-
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ing the last two steps, by trial and error, to p r o d u c e  m i n i m u m  overshoot.
By plotting the v e l o c i t y  of the rotor versus the position o f  the 
rotor m i n u m  the position of the flux d e n sity v e c o t r  in the phase plane, 
for a third o r d e r  model, one can expand the model to e x p lain phenomena 
that occur due to c u r r e n t  buildup in the windings. This is increa s i n g l y  
important in systems w h e r e  the current rise time and decay time is a 
significant portion o f  the stepping period. For m o s t  high p e r f ormanc e  
stepping m o t o r  drives this does not o c c u r  until very high stepping rates 
are reached. To include the effects of ind u c t a n c e  it is n e c e s s a r y  to 
build a more c o m p l e x  model, but by p r ojectng the s o lutions onto the 
phase plane, the s i m p l i c i t y  of graphical o utput is retained.
In o r d e r  to v e r i f y  any model one should e x p e r i m e n t a l l y  m e a s u r e  
a known s ystem and c o m p a r e  the m e a s u r e d  results to the p r edicted results. 
Because o f  the m e a s u r e m e n t  s ystem limitation s it w o u l d  be dif f i c u l t  
to find the flux d e n s i t y  v e c t o r  direction. For the special case that in­
cludes flyback diodes, the phase plane could be g e n e r a t e d  by plotting 
the position of the rotor minus the input c o m m a n d e d  position, which will 
be i n stantane ously s h i fted at each step input command. This m e t h o d  is 
not as informative as using the flux d e n s i t y  v e c t o r  direction, but it 
would be suitable for experimental v e r i f i c a t i o n  of the model. If the 
current de c a y  in the w i n d i n g s  during shut off is instantane ous then the 
results will be the same for the two d i f f e r e n t  state variables.
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A p p e n d i x  A
Phase Plane Model for the V a r i a b l e  R e l u c t a n c e  M o t o r
It can be shown that the t orque versus c u r r e n t  r e l a t i o n s h i p  
for a VR m o t o r  tends to be nonlinear. N ot o n l y  does the torque angle 
curve depend upon the sine of the rotor an g l e  and the n umber o f  phases 
energized simultaneo usly, but it also tends to be proportional to the 
square of the phase current' '. If the w i n d i n g  is s a turated then this 
relationship can be s o m e w h a t  sim p l i f i e d  to d epend on the a b s o l u t e  
value of the phase current. Furthermore, if the L/R
time constant for the m o t o r  can be neglected, then it is possi b l e  to 
write an exp r e s s i o n  w h i c h  relates the phase v o l tage on the s tator 
phases to the c u r r e n t  t h r ough the s t a t o r  phases. One difficulty, 
however, is that the back BEMF v o l tage on a s t a t o r  phase, unlike the 
PM motor, tends to d epend on the c u r r e n t  flowing in that phase as well 
as the velo c i t y  and the angle. C o n s e q u e n t l y  the BEMF term is c o n s i d e r ­
ably more n o n l i n e a r  than it was f or the PM motor. This is shown below 
t hfor the K phase a s s u m i n g  that the rotor and s t a t o r  iron is not 
saturated.




This expression can be s o l v e d  for the phase c u r r e n t  as shown below.
V 1#
Rs+ R d “ K b sin(A e - ^Ji)
n K = n , n -  2irk> A“ 3
As long as the BEMF v o l t a g e  is very small, w h i c h  is p o s s i b l e  for m a n y  
VR motors, since m a n y  VR have laminated rotors, then the phase c u r rent  
can be written qu i t e  simply. However, if this is not the case then 
the BEMF depends on c u r r e n t  and the re l a t i o n s h i p  shown above for the 
phase current m u s t  be used. This phase c u r rent can then be a p p l i e d  to 
the torque equation. If it is assumed that the m o t o r  is uns a t u r a t e d  
then the resulting t orque equation can be w r i t t e n  e n t i r e l y  in terms of  
motor speed and m o t o r  a n g l e  and phase voltage, as shown below.
T - I K (- - - - - \ - - - -- - - - - S i n ( A  e - ? ! H )  A - 4
k=l 1 R s+ R d+ K b esin(A e - • ^ - L n
Thus the t o r q u e-ang le c u r v e  is a m o r e  c o m p l e x  function of a an g l e  and 
speed then w as the cu r v e  for the PM motor. This can still be a c c o u n t e d  
for w i thin the fram e w o r k  o f  the phase plane.
C ons i d e r  the t o r q u e - a n g l e  curve which results for each of the 
energized phases. T h e  total t o r q u e-ang le relation is:
T = Y k t +1'k + 1 s i n (A  0 A " 5
IX- I
for a 4 phase m o t o r  wi t h  all w i n d i n g s  energized:
T = K-j- i3 sin A[e] +  K-y i^ sin[A e - j] + K-j. i^ si n [ A  0 - n] A - 6
+ Kj i^ sin[A e - 
for the K—  phase
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vK - i K(Rs+Rd ) + hh 9s in(A 6 " ^ 4 ^ = 0
Then, if is the same for each phase, for each o f  the phases energized, 
by itself, a to r q u e - a n g l e  cu r v e  results T K w h i c h  is an g l e  and speed 
dependent.
K t  V 2 sin Ae
y _ '_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  A - 8
1 (R s + R d “ Kb 9 sin A  9)2
Kt  V 2 si n ( A  0 - £)
y - -1_ _ £____  A - 9
2 [Rs+ R d -Kb esin(A e - J ) ] 2
Kt V 2 sin (A 0 - 77)
T = - - -  j A - 1 0
tR s+ R d - K b 9sin(A 9 "
Ky V 2 si n ( A  0 - f 51)2
T/l ' [Rs+RcfKb5sin(A 9 - f5-)]2 A_11
These four t o r q u e-ang le speed functions are identical in form. The y 
are m e r e l y  s h i fted r e l a t i v e  to each other by an an g l e  o f  Thus even 
though c u r r e n t - t o r q u e  r e l a t i o n s h i p  is non l i n e a r  and BEMF depends on 
current a nd speed, the step p i n g  process is ju s t  c a u sing a shift in the 
torque-angle-speed f u n c t i o n  o f  0 g which in this ca s e  is j.
T h e  d e p e n d e n c e  o f  the m o t o r  BEMF upon veloc i t y  and c u r rent can 
be verified by d r i ving the m o t o r  at a fixed speed with a large series 
resistor and several s t a t o r  c u r r e n t  values. The resulting voltage  
versus an g l e  cu r v e  should be recorded noting the s u p p l y  voltage and 
current and m e a s u r i n g  the phase r e s istance and velocity. From this 
information it should be possible to find a BEMF c o n s t a n t  Ky and
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determine the m a g n i t u d e  o f  the BEMF term. If the m a g n i t u d e  o f  the 
BEMF term is m u c h  s m a ller than the IR dr o p  in the w i n d i n g  than it can 
be neglected. However, there will a l w a y s  be a m a x i m u m  speed f o r  which 
this a s s umption is valid. Incidently p r e l i m i n a r y  experimental m e a s u r e m e n t s  
indicate that d e creases w i t h  speed and a m p l i t u d e  of s t a t o r  c u r r e n t  
when the s tator is beyond s a t u ration w h i c h  w o u l d  explain w h y  high 
slewing speeds a re poss i b l e  with a VR motor.
APPENDIX B
Phase Plane Model for a V o l tage Drive
If the m o t o r  is d riven by a voltage source, the basic e q uations 
are the same and e q u a t i o n s  B-l and B-2 are the dimensional e q uations 
as developed earlier.
J0 + Be + Kt I sin Ae = -T, —  -T, B-l
T f |8| L
} = f  (V - IR + K.6 sin Ae) B-2
where R is the total c i r c u i t  resistance. In or d e r  to m a k e  equation m  n
D-l d i m e n s i o n l e s s , the same substi t u t i o n s  wer e  made. Divi d i n g  both
¥sides of A-l by ^—  and letting e=Ae gives equa t i o n  B-3. 
m
JRm  .2_ BR IRm  •d 0 i m  d0 m  f 0 t  n o
AKyV dt2 AKtV dt V sin 0 " f Jq| 1
By defi n i n g  the foll o w i n g  terms, the equation becomes dimensionless.
A K t V
= B'4m
R Rm
r - —  J D c
5 ■ 2 v A K t VJ
k t v
f r TL r  B- 6m
k t v
f = T f r T "  b - 7m
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The last term, equat i o n  B-8, did not a p p e a r  in the previous model
R
because it was a s s u m e d  I y -  = 1; however, this is not a c c e p t a b l e  for a 
voltage drive. Likewise, by m a n i p u l a t i n g  equa t i o n  B-2, it is possible 
to make the e ntire two e q u a t i o n s  dimensionless.
Rn
. dl t/1 R I K. u>L m  x b n q 0 ^ .• ^  ^ D i n
“n R  di 1 ' V AV d7 6-10
or by defining
„ _ R _ Kb“ n
B “ ojnL ’ Y AV
6 - si + By sin 0 B-ll
The defining e q uations b ecome
d 2 ° + 2c 4^- + I sin © = -T, - ?. ®d t 2 - d x  'L ' f , - ,
~  = 6 - b! + By sin 0 &  B _ 12
These equations are in the for m  to be solved d i r e c t l y  by computer.
However, the set is third or d e r  and the s ystem s o lutions m u s t  be 
plotted in a 3 dimensional space to prevent t r a j e ctori es from crossing. 
Thus to get a global p i c ture of s y s t e m  response under these conditions,
three dimensional plots are needed. A n y  given step sequ e n c e  can be 
projected onto the phase plane, so that although the model is third 
order it is possible to find o p t i m u m  sequences and plot their t r a ­
jectories.
APPENDIX C
A Programmable C a l c u l a t o r  P r o gram for Phase Plane Analysis
1. Phase plane data can be obtained from a p r o g r ammab le c a l c u l a t o r  and
plotted by hand. Given T f , ?, y, T^, the cal c u l a t o r  can get 0 , 0 as
function of time and by plotting these one can find:
a. phase plane t r a j ectori es, sepatrix
b. sequences of a ny time spacing and length
c. start-stop sequences
d. o p t imum sequences
2. To illustrate, the s ystem differential equation is:
a. 0 + (2s+ysin2 0) 0 + s i n0 = - T. — —  T, (C - l )
f |S| L
b. The def i n i t i o n  of the de r i v a t i v e  yields:
A *
0 = -r- or do = 0dxdx
if dx small then dx->Ax and A0 = 0 ( x )  Ax 
Thus if start at x = 0 with 0(0), 0(0)
0 ( a x )  = 0(0) + 0(0)Ax, this is called re c t a n g u l a r  integratio n 
and one can c o n t i n u e  the process so velocity can be found for 
all time.
0 ( 2 A x ) = 6 ( A x ) + 0 ( Ax ) Ax
0(nAx) = 0((n-l)Ax) + 0[(n-l)Ax]Ax 
In this way, starting with 0(0), 0(0), the program can develop 
0(nAx) in a step by step process.
c. The calculator can do this by computing 0(nAx), 0(nAx) to
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get 0[(n+l)AT] and outputing nAx and e>[(n+l)Ax] at each 
step.
also ^  = 0 or do = odx but e is changing because of acceler­
ation so one might use average velocity i.e. 
o(nAx) + o(nAx) ^  = 0 average from x = nAx to (n+l)Ax thus 
Ax(nAx) = Ax[o(nAx) + o(nAx) ^-] which is a more precise method 
of integration than that used for velocity.
This yields 2 equations which can be solved step by step for 
position and velocity
o[(n+l)a x ] = o(nAx)Ax + o(nAx)
a  2o[(n+l)Ax] = o(nAx)Ax + o(nAx) + o(nAx)
to solve them let n=0 then need 0(0), o(0) and Ax so that the 
differential equation (C-l) can be solved to get, e(x)
0(x) = -T f  T. - sin 0(x) - [2?+ysin20(x)] 0(x)
F  | 8 ( t ) |  L
or
0(nAx) = - Tp fi(-nAT.) T _ sin 0(nAx) - [2?+ysin20(nAx)j 0(nAx)
F |0(nAx)| L
at x = 0 or n = 0:
0(0) = - Tp — ki9l. - T. - sin0(O) - [2^+ysin0(O)] 0(0)
F |e(0)| L
notice the first term is indeterminant if 0(0) = 0 so make 0(0) 
small + or -thus need 0(0), 0(0) and Ax, Tp, Tp, c. y then the 
equations can be solved in a step by step manner, 
specify 0(0) t 0, 0(0), T p , Tp, 5, y 
specify a small Ax usually .02
use equations to compute and display 0 (a x ), 0(a x ), x = Ax so 
can plot or write down these values.
d. Then repeat to get 0 ( 2 a t ) ,  0 ( 2 a t ) ,  t  = 2At  and again to get 
0 ( 3 A t )  etc.
e. Often select At m u c h  s m a ller for a c c u r a c y  than desired for 
plotting. As Ax gets smaller get b etter accuracy. So output 
onl y  the values needed for plotting, that is, every mth value.
Specific uses
a. Phase Planes
1. Start at several 0(0), o(0) to get data for phase plane t r a ­
jectories.
2. Start at 0(0) small and 0(0) = + ttK to get sepatrix by plotting 
time backwards, ( at negative)
3. Plot data as it is computed to a l l o w  selection of t r a j e ctori es 
that are useful. Remember plot repeats every +Kir.
b. Step S e q u e n c e  - start at 0(0) small, 0(0) = - — for 4 phase 
stepper and c o m p u t e  until nAx = time of 2nd step (select Ax so
that T2/AT = integer). Sto p  p r o gram at T2 and subtract tt/2 from 0(12)
and restart. Continue. (Can c hange Ax so that —  is always 
i n t e g e r ) .
c. O p t i m u m  S e q u e n c e s  - can c o m pute 0(nAx) when 0 = 0(nAx) - and
find a c c e l e r a t i o n  o f  tr a j e c t o r y  to wh i c h  will step if stepped
at nAx. Can step to equal a c c e l erati on or m a x i m u m  accele r a t i o n
by this m e t h o d  or switch on zero acceleration.
Program
a. Store Tp, 2 c ,y; Ax, m; o(nAx), o(nAx), 0(nAx), nAx
b. To start input Tp, 2c, y, Ax, in 0(0), 0(0), 0(0) = x = 0
c. p r o gram comp u t e s  0(nAx), G>(nAx), 0(nAx), nAx and overwrites the
values in m e m o r y  so contents are latest values. Displays every 
m t h  value and waits until restart.
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d. Can display every value, m = 1 (useful when nearing a switch 
point or looking for zero accelerate) or can display every m 
values so that retain integration accuracy and only get enough 
values to plot. This is much faster than displaying every 
value. Do this in the program by presetting a counter to 
value m and counting it down everytime it goes through a 
Q[(n+l)Ax] and 0[(n+l)Ax] computation. When the counter is 
zero then display 0(n+l)Ax and reset it.
e. The program stops after displaying (n+l)Ax, 0[(n+l)Ax] and 
0[(n+l)Ax]. This allows the following actions
a. Ax can be made larger or smaller to find a particular value 
of 0, e or 0, zero acceleration for example.
b. m can be changed to display more or less frequently
c. 0[(n+l)Ax] can be changed to account for a step.
d. Ax can be made negative to move backwards in time.
e. c, y, Tp, can be changed to account for a max flux 
density change in the airgap such as would occur when half 
stepping.
f. The data m a y  be plotted as it is produced. It is u s u ally 
better, however, to also record the 0, 0 values.
5. The basic m e t h o d  des c r i b e d  here can be used to e mploy a hand-held 
p r o g r ammab le c a l c u l a t o r  to e x p lore any o f  the analytical m e t hods 
d e scribed in the stepping m o t o r  course, such as:
a. phase planes
b. zero slope isoclines
c. stepping sequences
d. optimum sequences
e. zero work curves
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f. maximum work curves
g. high speed current waveforms.
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HP67 Phase Plane P r o gram 
9/20/79
Tp-*!, e-*2, ©-*3, At-*4s 2£-*5, t -^6, M-*7, 0+8, y-*9
Preset registers 1-8 as above:
Line No. Command Keystroke
1 3 1 2 5 1 1 fLBLA
3 4 0 7 RCL7
3 5 3 3 hSTI
3 5 4 2 hRAD
5 3 1 2 5 1 3 fLBLC
3 4 0 2 RCL2
3 1 6 2 fSIN
4  2 CHS
3 4 0 3 RCL3
10 3 1 7 1 fx<0
2 2 1 2 GTOB
4 4 CLX
3 4 0 1 RCL1
4 2 CHS
15 6 1 +
3 1 2 5 1 4 fLBLD
3 4 0 2 RCL2
3 1 6 2 fSIN
3 2 5 4 g X2
20 3 4 0 9 RCL9
7 1 X
3 4 0 5 RCL5
6 1 +
3 4 0 3 RCL3
25 7 1 X
5 1 -
3 3 0 8 ST08
3 4 0 4 RCL4
Comments 
label A
get n u m b e r  of time increments m  
between d i s play
preset I r e g i s t e r  c o u nter
read angles in radians
label C
get 0(nAx) from location 2 
sin o(nAx)
-sin ©(nAx)
get 0(nAx) from location 3
if 0(nAt)>O skip next instruction
go to label B
cl e a r  0(nAx)
get Tp fr o m  location 1
-sin 0(nAx) - Tp 
label D




get y from location 9 
2
Y sin 0(nAx)
get 2c from location 5 
2
2c + ysin 0
get 0(nAx) from location 3 
0(nAx)(2c + ysin20)
0(nAx) =- sin 0(nAx) - TP -  
(2c+Ysin 0)e(nAx) 
store 0(nAx) in location 8 










3 2 5 4 g x2 (At)2
0 2 2 2
8 1 4 (a t )2 /2
7 1 X o(nAx) A t ^/2
3 4 0 3 RCL3 get ©(nAx) fro m  location 3
3 4 0 4 RCL4 get Ax fro m  location 4
7 1 X 0(nAx)Ax
6 1 + 0(nAx)Ax + 0(nAx) A x 2 /2
3 4 0 2 RCL2 get o(nAx) fro m  location 2
6 1 + © [ ( n + l ) A x ] = 0 ( n A x ) + O ( n A x ) A x +
0(n A x ) A x ^ / 2
3 3 0 2 ST02 store 0[(n+l)Ax] in location 2
3 4 0 8 RCL8 get 0(nAx) f r o m  location 8
3 4 0 4 RCL4 get Ax from location 4
7 1 X 0(nAx)Ax
3 4 0 3 RCL3 get 6(nAx) fro m  location 3
6 1 + 6)[(n+l ) A x J = 0 (nAx )+0(nAx)Ax
3 3 0 3 ST03 store 0 [ ( n+l)Ax] in 3
3 4 0 6 RCL6 get nAx from location 6
3 4 0 4 RCL4 get Ax from location 4
6 1 + ( n + l )Ax
3 3 0 6 ST06 store (n+l)Ax=x in 6
3 1 3 3 fDSZ count I r e g i s t e r  down 1
2 2 1 3 GTOC unless I contents zero go to C
3 4 0 6 RCL6 get (n+l)Ax fr o m  location 6
3 1 8 4 f-X- d i s p l a y  (n+l)Ax
3 4 0 3 RCL3 get e[(n+l)Ax] from location 3
3 1 8 4 f-X- d i s p l a y  o [ ( n+l)Ax]
3 4 0 2 RCL2 get 0 [ ( n+l)Ax] from location 2
3 1 8 4 f-X- d i s p l a y  0 [ ( n +l)AxJ
8 4 R/S stop until push R/S to start
2 2 1 1 GTOA go to A
2 5 1 2 fLBLB label B
4 4 CLX c lear 0(nAx)
3 4 0 1 RCL1 get Tp from location 1
6 1 + -sin 0(nAx) + Tp
2 2 1 4 GTOD go to D
292
Example 1. Phase..plane for ? F = .1, s - .05, y = 0, let e(0) = +ir, 0(0) = +.001 
At = .02, m  = 5, e(0) = 0 = t , set registers .1 -* 1 , tt -* 2, .001 -* 3, -.02 -* 4, 
.1 ->5, 0 -> 6 +  8, 5 -v 7 this will y i e l d  a sepatrix. Run until 0 = -tt
T 0 0
0 TT .001
- .1 3 .1410 .0111
- .2 3.1394 .0213
- .3 3.1367 .0319
- .4 3.1330 .0429
- .5 3.1281 .0544
change m  to 25 (25-ST07) d i s p l a y  ev e r y  1/2 second
-1 3 . 0844 .1245
-1.5 2.9977 .2302
-2 2 .8436 .3999
-2.5 2.5801 .6761
c h ange Ax to -.1 , m  to 5 





-5.5 - 2 . 8756 1.9306
-6 -3.8736 2.1392
i trajectory starting at 0 =  “ TT 0 = 1.5 - IT  -* 2 1 . 5 -> 3 At-*
UD00





.5 -2.4009 1.5185 8 -1.4685 -.4983 16 -.6786 .3753
1 -1.5755 1.8120 8.5 -1.5760 .0645 16.5 -.4356 .5794
1.5 .8868 2.1117 9 - 1 . 4334 .5019 17 -.1217 .6517
2 .4696 2.0323 9.5 - 1.0806 .8993 17.5 .1892 .5672
2.5 1.3705 1.5267 10 - .5537 1.1796
3 1.9807 .9220 10.5 .0577 1.2193
3.5 2.3103 .4155 11 .6157 .9707
4 2.4126 .0040 11.5 .9955 .5293
4.5 2 . 3349 -.2999 12 1.1345 .0244
5 2.1082 -.6150 12.5 1.0385 -.3863
5.5 1.71 -.9863 13 .7600 -.7128
6 1.119 -1.3709 13.5 .3487 -.9044
6.5 .3641 -1.6063 14 -.109 -.89
7 -.4275 -1.4976 14.5 -.5048 -.6637
7.5 - 1 . 0768 -1.0624 15 -.7491 -.2989
15.5 -.7972 .0910
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A trajectory starting at 0 
0 = 2.5















A trajectory starting at 0 = -tt
0 = 1



























11.5 . 9867 .0494
\ tra j e c t o r y  starting at 0 = 
) = .5














t tra j e c t o r y  starting at 0 =








3.5 -1.7079 - .7534










A sepatrix starting at 0 = 3ir, 0 = .01








-2 9 .1020 .4184
-2.5 8.8281 .6982









7 . c -1.9981 3.0253
8 -3.4767 2.9843
note: since t r a ­
je ctories repeat 
could have started 
at 0=2 tt-2.8756 and 
0=1.9306 and gotten 
this sepatrix.
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A step sequence w h i c h  steps at t = 0, 1, 2, 3, 6.2 







1.0 -1.1287 .8476 sub \ from 0
1.2 -2.5242 .9094 c
1.4 -2.3338 .9994
1.6 - 2 . 1228 1.1149
1.8 -1.8865 1.2512
2.0 -1.6214 1.4004 sub f  from 0




3 -1.7301 1.7001 sub \ from 0






4.4 - .7265 2.2057















: 0 r ~ - 0
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